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1. 6D-metrics and the NS-equations

For solving system of the Navier-Stokes equations

𝜕

𝜕𝑡
𝑉⃗ +

(︁
𝑉⃗ · ∇⃗

)︁
𝑉⃗ = 𝜇∆𝑉⃗ − ∇⃗𝑃 (𝑥⃗, 𝑡), ∇⃗ · 𝑉⃗ = 0, (1)

where 𝑉⃗ (𝑥⃗, 𝑡) -is the fluid velocity, 𝑃 (𝑥⃗, 𝑡)- is the pressure and 𝜇- is the viscosity of liquid, was
used their representation in form of laws of conservations:

𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)− 𝜕

𝜕𝑥
𝐸(𝑥⃗, 𝑡) = 0,

𝜕

𝜕𝑧
𝐻(𝑥⃗, 𝑡)− 𝜕

𝜕𝑥
𝐵(𝑥⃗, 𝑡) = 0,

𝜕

𝜕𝑧
𝐸(𝑥⃗, 𝑡)− 𝜕

𝜕𝑦
𝐵(𝑥⃗, 𝑡) = 0, (2)

where
𝐻(𝑥⃗, 𝑡) = 𝑈𝑡 + 𝑈𝑈𝑥 + 𝑉 𝑈𝑦 +𝑊𝑈𝑧 − 𝜇(𝑈𝑥𝑥 + 𝑈𝑦𝑦 + 𝑈𝑧𝑧),

𝐸(𝑥⃗, 𝑡) = 𝑉𝑡 + 𝑈𝑉𝑥 + 𝑉 𝑉𝑦 +𝑊𝑉𝑧 − 𝜇(𝑉𝑥𝑥 + 𝑉𝑦𝑦 + 𝑉𝑧𝑧),

𝐵(𝑥⃗, 𝑡) = 𝑊𝑡 + 𝑈𝑊𝑥 + 𝑉𝑊𝑦 +𝑊𝑊𝑧 − 𝜇(𝑊𝑥𝑥 +𝑊𝑦𝑦 +𝑊𝑧𝑧).

This allow us to introduce six-dimension Riemann space, equipped with the metric

ds2 = −2𝐵(𝑥⃗, 𝑡)dt dv + 2𝐸(𝑥⃗, 𝑡)dt dw + 2𝐻(𝑥⃗, 𝑡)dv dw − 2
(︂∫︁

𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)𝑑𝑧

)︂
dw2+

+dt dx + dv dy + dw dz (3)

and to use it for construct an examples of solutions of the 𝑁𝑆-equations.
In general the metric (3) has fifteen components of the Ricci-tensor 𝑅𝑖𝑘, and nine of them are

equal to zero if the functions 𝐻(𝑥⃗, 𝑡), 𝐸(𝑥⃗, 𝑡), 𝐵(𝑥⃗, 𝑡) satisfy the conditions (2). The remaining six
components of the Ricci tensor 𝑅𝑣𝑣, 𝑅𝑣𝑤, 𝑅𝑤𝑤, 𝑅𝑡𝑡, 𝑅𝑡𝑣, 𝑅𝑡𝑤 are expressed in terms of the functions
𝐻(𝑥⃗, 𝑡), 𝐸(𝑥⃗, 𝑡), 𝐵(𝑥⃗, 𝑡) and their derivatives.

The Example.
The metric is the Ricci-flat- 𝑅𝑖𝑘=0 at the conditions

𝐵(𝑥⃗, 𝑡) =
𝜕

𝜕𝑡
𝐹 (𝑧, 𝑡) + 𝐹 (𝑧, 𝑡)

𝜕

𝜕𝑧
𝐹 (𝑧, 𝑡)− 𝜇

𝜕2

𝜕𝑧2
𝐹 (𝑧, 𝑡)

𝐻(𝑥, 𝑡) = −1/2𝑥
𝜕2

𝜕𝑡𝜕𝑧
𝐹 (𝑧, 𝑡) + 1/4𝑥

(︂
𝜕

𝜕𝑧
𝐹 (𝑧, 𝑡)

)︂2

− 1/2𝑥𝐹 (𝑧, 𝑡)
𝜕2

𝜕𝑧2
𝐹 (𝑧, 𝑡) + 1/2𝜇𝑥

𝜕3

𝜕𝑧3
𝐹 (𝑧, 𝑡)

𝐸(𝑥, 𝑡) = −1/2 𝑦
𝜕2

𝜕𝑡𝜕𝑧
𝐹 (𝑧, 𝑡) + 1/4 𝑦

(︂
𝜕

𝜕𝑧
𝐹 (𝑧, 𝑡)

)︂2

− 1/2 𝑦𝐹 (𝑧, 𝑡)
𝜕2

𝜕𝑧2
𝐹 (𝑧, 𝑡) + 1/2𝜇 𝑦

𝜕3

𝜕𝑧3
𝐹 (𝑧, 𝑡),

where

𝑈(𝑥⃗, 𝑡) = −1/2𝑥
𝜕

𝜕𝑧
𝐹 (𝑧, 𝑡), 𝑉 (𝑥⃗, 𝑡) = −1/2 𝑦

𝜕

𝜕𝑧
𝐹 (𝑧, 𝑡), 𝑊 (𝑥⃗, 𝑡) = 𝐹 (𝑧, 𝑡),

and
𝜕3

𝜕𝑡𝜕𝑧2
𝐹 (𝑧, 𝑡)− 𝐹 (𝑧, 𝑡)

𝜕3

𝜕𝑧3
𝐹 (𝑧, 𝑡) + 𝜇

𝜕4

𝜕𝑧4
𝐹 (𝑧, 𝑡) = 0.
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2.
In particular case when the components of metric are of the form

𝐵(𝑥⃗, 𝑡) =
𝜕2

𝜕𝑧2
𝑄(𝑥⃗, 𝑡), 𝐻(𝑥⃗, 𝑡) =

𝜕2

𝜕𝑥𝜕𝑧
𝑄(𝑥⃗, 𝑡) 𝐸(𝑥⃗, 𝑡) =

𝜕2

𝜕𝑦𝜕𝑧
𝑄(𝑥⃗, 𝑡)

we get It takes form

ds2 = 𝑑𝑥𝑑𝑡 + 𝑑𝑦𝑑𝑣 + 𝑑𝑧𝑑𝑤 − 2
(︂
𝜕2

𝜕𝑧2
𝑄(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑑𝑡𝑑𝑣 + 2

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝑄(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑑𝑡𝑑𝑤+

+2
(︂

𝜕2

𝜕𝑥𝜕𝑧
𝑄(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑑𝑣𝑑𝑤 − 2

(︂
𝜕2

𝜕𝑥𝜕𝑦
𝑄(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑑𝑤

2

and the solutions of the 𝑁𝑆-equations are expressed throw the function 𝑄(𝑥⃗, 𝑡) = 𝜕𝑃
𝜕𝑦 ,

that is solution of the Monge-Ampere equation (MA):

2𝑄2
𝑥𝑦𝑧𝑧 − 2𝑄𝑦𝑦𝑥𝑧𝑄𝑥𝑧𝑧𝑧 − 2𝑄𝑥𝑥𝑦𝑧𝑄𝑦𝑧𝑧𝑧 +𝑄𝑥𝑥𝑧𝑧𝑄𝑧𝑧𝑦𝑦 +𝑄𝑥𝑥𝑦𝑦𝑄𝑧𝑧𝑧𝑧 = 0. (4)

Theorem 1. The equation (1) determines function pressure 𝑃 (𝑥⃗, 𝑡) =
∫︀

(𝑄(𝑥⃗, 𝑡)𝑑𝑡) of
flow and in particular cases admit reduction to the second order ODE of the form
𝑦′′ + 𝑎1(𝑥, 𝑦)𝑦′3 + 3𝑎2(𝑥, 𝑦)𝑦′2 + 3𝑎3(𝑥, 𝑦)𝑦′ + 𝑎4(𝑥, 𝑦) = 0, where 𝑎𝑖 = 𝑎𝑖(𝑥, 𝑦). This type

of ODE’s meet in theory of nonlinear dynamical systems ˙⃗𝑥 = 𝐹𝑖(𝑥⃗) with polynomial
right parts which have as the limit cycles and also strange attractors in their space of
states.

As an example, we give the equation

𝑑2

𝑑𝑥2
𝑦(𝑥)− 3

(︀
𝑑
𝑑𝑥𝑦(𝑥)

)︀2
𝑦(𝑥)

− 2
(𝑘 − 6𝑥+ 3)

(︀
𝑑
𝑑𝑥𝑦(𝑥)

)︀
𝑦(𝑥)

𝑘 + 3
− 12

(𝑦(𝑥))3 𝑥2

𝑘 + 2
+

(4 𝑘 + 12) (𝑦(𝑥))3 𝑥
𝑘 + 2

+

+
(−𝑘 − 2) (𝑦(𝑥))3

𝑘 + 2
− 6

(𝑦(𝑥))4 𝑥4

(𝑘 + 3) (𝑘 + 2)
− 2

(−6− 2 𝑘) (𝑦(𝑥))4 𝑥3

(𝑘 + 3) (𝑘 + 2)
− 2

(︀
𝑘2 + 3 𝑘 + 3

)︀
(𝑦(𝑥))4 𝑥2

(𝑘 + 3) (𝑘 + 2)
= 0,

which has a form similar to the equation

𝑦′′ − 3
𝑦′2

𝑦
+
(︀
𝛼 𝑦 − 𝑥−1

)︀
𝑦′ + 𝜖 𝑥𝑦4 +

𝛿

𝑥
𝑦2 − 𝛾 𝑦3 − 𝛽 𝑥3𝑦4 − 𝛽 𝑥2𝑦3 = 0,

which is equivalent to the Lorenz-dynamical system

𝑦̇ = 𝑟𝑥− 𝑦 − 𝑥𝑧, 𝑧̇ = 𝑥𝑦 − 𝑏𝑧, 𝑥̇ = 𝜎(𝑦 − 𝑥),

where:

𝛼 =
𝑏+ 𝜎 + 1

𝜎
, 𝛽 =

1
𝜎2
, 𝛾 =

𝑏(𝜎 + 1)
𝜎2

, 𝛿 =
(𝜎 + 1)
𝜎

, 𝜖 =
𝑏(𝑟 − 1)
𝜎2

.

and solutions of the form

𝑄(𝑥, 𝑦, 𝑧, 𝑡) = F1 (𝑥)+ F2 (𝑦)+ F3 (𝑧)+ F0 (𝑡)+ F1 (𝑥) F2 (𝑦)+ F3 (𝑧) F2 (𝑦)+ F1 (𝑥) F3 (𝑧)+ F1 (𝑥) F3 (𝑧) F2 (𝑦),

where
𝑑2

𝑑𝑥2
F1 (𝑥) =

c1

(︀
𝑑
𝑑𝑥 F1 (𝑥)

)︀2
1 + F1 (𝑥)

,

𝑑4

𝑑𝑧4
F3 (𝑧) = −

(︁
𝑑2

𝑑𝑧2 F3 (𝑧)
)︁2

1 + F3 (𝑧)
+2

(︁
𝑑3

𝑑𝑧3 F3 (𝑧)
)︁

𝑑
𝑑𝑧 F3 (𝑧)

(1 + F3 (𝑧)) c2
+

⎛⎜⎝2

(︁
𝑑3

𝑑𝑧3 F3 (𝑧)
)︁

𝑑
𝑑𝑧 F3 (𝑧)

1 + F3 (𝑧)
− 2

(︁
𝑑2

𝑑𝑧2 F3 (𝑧)
)︁2

(1 + F3 (𝑧)) c2

⎞⎟⎠ c1
−1,

𝑑2

𝑑𝑦2
F2 (𝑦) =

c2

(︁
𝑑
𝑑𝑦 F2 (𝑦)

)︁2

1 + F2 (𝑦)
.
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where

𝑧 =
∫︁

j ( h)
h 𝑒

∫︀
j ( h)𝑑 h+ C6

𝑑 h + C5 ,

F3 (𝑧) = 𝑒
∫︀ j( h)

h 𝑑 h+ C7 − 1

and the function 𝑗(ℎ) = is solution of the first order ODE

𝑑

𝑑 h
j ( h) =

𝑑

𝑑 h
j ( h) = 6 h ( j ( h))3 + 7 ( j ( h))2 + 2

(−2 c1 + 1 + 6 c1 c2 − 2 c2) ( j ( h))3

c1 c2
+

+

(︃
2

(−3 c2 + 2 + 4 c1 c2 − 3 c1) ( j ( h))3

c1 c2
+ j ( h) +

(−2 c1 + 4 c1 c2 − 2 c2) ( j ( h))2

c1 c2

)︃
h−1+

+2
(− c1 + c1 c2 + 1− c2) ( j ( h))3

c1 c2 h2

with two parameters c2 and c1.

2. 14D-metrics and the NS-equations

A more general approach to study properties of the 𝑁𝑆-equations is connected by
using the 14-dimension space with local coordinates 𝑥, 𝑦, 𝑧, 𝑡, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜂, 𝜒, 𝜌, 𝑞, 𝛿.

Theorem 2. The metric

𝑑𝑠2 = 2 𝑑𝑥𝑑𝑢+ 2 𝑑𝑦𝑑𝑣 + 2 𝑑𝑧𝑑𝑤 + (−𝑊 (𝑥⃗, 𝑡)𝑤−𝑉 (𝑥⃗, 𝑡)𝑣−𝑈(𝑥⃗, 𝑡)𝑢) 𝑑𝑡2+

+
(︂
−𝑈(𝑥⃗, 𝑡)𝑝− 𝑢 (𝑈(𝑥⃗, 𝑡))2 − 𝑢𝑃 (𝑥⃗, 𝑡) + 𝑤𝜇

𝜕

𝜕𝑧
𝑈(𝑥⃗, 𝑡)−𝑤𝑈(𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡)

)︂
𝑑𝜂2+

+
(︂
𝑣𝜇

𝜕

𝜕𝑦
𝑈(𝑥⃗, 𝑡)− 𝑣𝑈(𝑥⃗, 𝑡)𝑉 (𝑥⃗, 𝑡) + 𝑢𝜇

𝜕

𝜕𝑥
𝑈(𝑥⃗, 𝑡)

)︂
𝑑𝜂2 + 2 𝑑𝜂𝑑𝜉 + 2 𝑑𝜌𝑑𝜒+ 2 𝑑𝑚𝑑𝑛+(︂

−𝑉 (𝑥⃗, 𝑡)𝑝− 𝑣𝑃 (𝑥⃗, 𝑡)− 𝑣 (𝑥⃗, 𝑡))2 − 𝑉 (𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡)𝑤 + 𝑣𝜇
𝜕

𝜕𝑦
𝑉 (𝑥⃗, 𝑡)− 𝑢𝑈(𝑥⃗, 𝑡)𝑉 (𝑥⃗, 𝑡)

)︂
𝑑𝜌2+(︂

𝑢𝜇
𝜕

𝜕𝑥
𝑉 (𝑥⃗, 𝑡)

)︂
𝑑𝜌2 +

(︂
−𝑢𝑈(𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡)−𝑤 (𝑊 (𝑥⃗, 𝑡))2−𝑤𝑃 (𝑥⃗, 𝑡)+𝑤𝜇

𝜕

𝜕𝑧
𝑊 (𝑥⃗, 𝑡)

)︂
𝑑𝑚2+(︂

𝑣𝜇
𝜕

𝜕𝑦
𝑊 (𝑥⃗, 𝑡)− 𝑣𝑉 (𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡) + 𝑢𝜇

𝜕

𝜕𝑥
𝑊 (𝑥⃗, 𝑡)−𝑊 (𝑥⃗, 𝑡)𝑝

)︂
𝑑𝑚2 (1)

with the components depending from the functions 𝑈, 𝑉,𝑊,𝑃 has four components of
the Ricci-tensor which are zero

𝑅44 = 𝑈𝑥 + 𝑉𝑦 +𝑊𝑧 = 0, 𝑅55 = 0, 𝑅66 = 0, 𝑅77 = 0,

on solutions of the system (1), i.e. the Ricci-flat 𝑅𝑖𝑘 = 0 on solutions of the NS-
equations.

To deriving this metric are a used law of conservations of NS-system of the form

𝑈𝑡 + (𝑈2 − 𝜇𝑈𝑥 + 𝑃 )𝑥 + (𝑈𝑉 − 𝜇𝑈𝑦)𝑦 + (𝑈𝑊 − 𝜇𝑈𝑧)𝑧 = 0

𝑉𝑡 + (𝑉 2 − 𝜇𝑉𝑦 + 𝑃 )𝑦 + (𝑈𝑉 − 𝜇𝑉𝑥)𝑥 + (𝑉𝑊 − 𝜇𝑉𝑧)𝑧 = 0,

𝑊𝑡 + (𝑊 2 − 𝜇𝑊𝑧 + 𝑃 )𝑧 + (𝑈𝑊 − 𝜇𝑊𝑥)𝑥 + (𝑉𝑊 − 𝜇𝑊𝑦)𝑦 = 0,

𝑈𝑥 + 𝑉𝑦 +𝑊𝑧) = 0.
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The metric is the metric of Riemann extensions

14𝑑𝑠2 = −2Γ𝑖
𝑗𝑘(𝑥⃗, 𝑡)Ψ𝑖𝑑𝑥

𝑗𝑑𝑥𝑘 + 2𝑑Ψ𝑙𝑑𝑥
𝑙

of 7𝐷-affine connection in local ooordinates 𝑥, 𝑦, 𝑧, 𝑡, 𝜂, 𝜌,𝑚, defined by conditions

𝑅𝑖𝑗 = 𝜕𝑘Γ𝑖𝑗𝑘 − 𝜕𝑖Γ𝑘𝑗𝑘 + Γ𝑘𝑙𝑘Γ𝑙𝑗𝑖− Γ𝑘𝑖𝑚Γ𝑚𝑗𝑘.

The metric (1) belongs to the class of the Riemann spaces with vanishing scalar
Invariants (meet in theory of gravitation waves!!!) and part of its geodesics with
respect to the coordinates 𝜂, 𝜌,𝑚, 𝜉, 𝜒, 𝑛 are determined by the equations

𝜂 = 0, 𝜌 = 0, 𝑚̈ = 0, 𝜉 = 0, 𝜒̈ = 0, 𝑛̈ = 0.

and have the form

𝜂(𝑠) = a1 𝑠+ b1 , 𝜌(𝑠) = a2 𝑠+ b2 , 𝑚(𝑠) = a3 𝑠+ b3 , 𝜉(𝑠) = a4 𝑠+ b4 ,

𝜒(𝑠) = a5 𝑠+ b5 , 𝑛(𝑠) = a6 𝑠+ b6 .

The equations to the coordinates [𝑥, 𝑦, 𝑧, 𝑡] take the form

𝑑2

𝑑𝑠2
𝑥(𝑠)−1/2𝑈

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2

+1/2 a1
2𝜇

𝜕

𝜕𝑥
𝑈−1/2 a1

2 (𝑈))2−1/2 a1 2𝑃−1/2 a2
2𝑈𝑉+1/2 a2 2𝜇

𝜕

𝜕𝑥
𝑉−

−1/2 a3
2𝑈𝑊 + 1/2 a3

2𝜇
𝜕

𝜕𝑥
𝑊 = 0,

𝑑2

𝑑𝑠2
𝑦(𝑠)−1/2𝑉

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2

−1/2 a1
2𝑈𝑉+1/2 a1

2𝜇
𝜕

𝜕𝑦
𝑈+1/2 a2

2𝜇
𝜕

𝜕𝑦
𝑉−1/2 a2

2 (𝑉 )2−1/2 a2
2𝑃−

−1/2 a3
2𝑉𝑊 + 1/2 a3

2𝜇
𝜕

𝜕𝑦
𝑊 = 0,

𝑑2

𝑑𝑠2
𝑧(𝑠)− 1/2𝑊

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2

− 1/2 a1
2𝑈𝑊 + 1/2 a1

2𝜇
𝜕

𝜕𝑧
𝑈 − 1/2 a2

2𝑉𝑊 + 1/2 a2
2𝜇

𝜕

𝜕𝑧
𝑉+

+1/2 a3
2𝜇

𝜕

𝜕𝑧
𝑊 − 1/2 a3

2 (𝑊 )2 − 1/2 a3
2𝑃 = 0,

𝑑2

𝑑𝑠2
𝑡(𝑠)− 1/2𝑈a1

2 − 1/2𝑉 a2
2 − 1/2𝑊a3

2 = 0,

and the coordinates [𝑢, 𝑣, 𝑤, 𝑝] satisfy the linear system of ODE with respect to the
𝑢𝑖 = [𝑢, 𝑣, 𝑤, 𝑝] with the coefficients depended on the (𝑥, 𝑦, 𝑧, 𝑡) and looks as

𝑑2

𝑑𝑠2
𝑢(𝑠) = A1 𝑢(𝑠) + B1 𝑣(𝑠) + C1 𝑤(𝑠) + E1 𝑝(𝑠),

where

A1 = 1/2 a3
2

(︂
𝜕

𝜕𝑥
𝑈

)︂
𝑊 − 1/2 a1

2𝜇
𝜕2

𝜕𝑥2
𝑈 + a1

2𝑈
𝜕

𝜕𝑥
𝑈 − 1/2 a2

2𝜇
𝜕2

𝜕𝑥2
𝑉 + 1/2 a3

2𝑈
𝜕

𝜕𝑥
𝑊−

−1/2 a3
2𝜇

𝜕2

𝜕𝑥2
𝑊 + 1/2 a2

2

(︂
𝜕

𝜕𝑥
𝑈

)︂
𝑉 + 1/2

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2
𝜕

𝜕𝑥
𝑈 + 1/2 a2

2𝑈
𝜕

𝜕𝑥
𝑉 + 1/2 a1

2 𝜕

𝜕𝑥
𝑃,

B1 = a2
2𝑉

𝜕

𝜕𝑥
𝑉 − 1/2 a1

2𝜇
𝜕2

𝜕𝑥𝜕𝑦
𝑈 − 1/2 a2

2𝜇
𝜕2

𝜕𝑥𝜕𝑦
𝑉 + 1/2 a2

2 𝜕

𝜕𝑥
𝑃 + 1/2 a3

2

(︂
𝜕

𝜕𝑥
𝑉

)︂
𝑊+

+1/2 a3
2𝑉

𝜕

𝜕𝑥
𝑊 − 1/2 a3

2𝜇
𝜕2

𝜕𝑥𝜕𝑦
𝑊 + 1/2

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2
𝜕

𝜕𝑥
𝑉 + 1/2 a1

2

(︂
𝜕

𝜕𝑥
𝑈

)︂
𝑉 + 1/2 a1

2𝑈
𝜕

𝜕𝑥
𝑉,

C1 = a3
2𝑊

𝜕

𝜕𝑥
𝑊 + 1/2 a1

2𝑈
𝜕

𝜕𝑥
𝑊 − 1/2 a1

2𝜇
𝜕2

𝜕𝑥𝜕𝑧
𝑈 + 1/2 a1

2

(︂
𝜕

𝜕𝑥
𝑈

)︂
𝑊 − 1/2 a3 2𝜇

𝜕2

𝜕𝑥𝜕𝑧
𝑊+
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+1/2 a3
2 𝜕

𝜕𝑥
𝑃 + 1/2

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2
𝜕

𝜕𝑥
𝑊 + 1/2 a2

2

(︂
𝜕

𝜕𝑥
𝑉

)︂
𝑊 + 1/2 a2 2𝑉

𝜕

𝜕𝑥
𝑊 − 1/2 a2

2𝜇
𝜕2

𝜕𝑥𝜕𝑧
𝑉,

E1 = 1/2 a2
2 𝜕

𝜕𝑥
𝑉 + 1/2 a1

2 𝜕

𝜕𝑥
𝑈 + 1/2 a3

2 𝜕

𝜕𝑥
𝑊,

and
𝑑2

𝑑𝑠2
𝑣(𝑠) = A2 𝑢(𝑠) + B2 𝑣(𝑠) + C2 𝑤(𝑠) + E2 𝑝(𝑠),

𝑑2

𝑑𝑠2
𝑤(𝑠) = A3 𝑢(𝑠) + B3 𝑣(𝑠) + C3 𝑤(𝑠) + E3 𝑝(𝑠),

𝑑2

𝑑𝑠2
𝑝(𝑠) = A4 𝑢(𝑠) + B4 𝑣(𝑠) + C4 𝑤(𝑠) + E4 𝑝(𝑠),

where

E4 = 1/2 a3
2 𝜕

𝜕𝑡
𝑊 + 1/2 a2

2 𝜕

𝜕𝑡
𝑉 + 1/2 a1

2 𝜕

𝜕𝑡
𝑈,

C4 = 1/2 a3
2 (𝑊 )2 + 1/2 a1

2

(︂
𝜕

𝜕𝑡
𝑈

)︂
𝑊 + 1/2 a2

2𝑉𝑊 + 1/2 a3
2 𝜕

𝜕𝑡
𝑃 + 1/2

(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2
𝜕

𝜕𝑡
𝑊+

+a3
2𝑊

𝜕

𝜕𝑡
𝑊 + 1/2 a1

2𝑈𝑊 + 1/2 a1
2𝑈

𝜕

𝜕𝑡
𝑊 − 1/2 a1

2𝜇
𝜕2

𝜕𝑡𝜕𝑧
𝑈 − 1/2 a3

2𝜇
𝜕2

𝜕𝑡𝜕𝑧
𝑊−

−1/2 a2
2𝜇

𝜕2

𝜕𝑡𝜕𝑧
𝑉 + 1/2 a2

2𝑉
𝜕

𝜕𝑡
𝑊 + 1/2 a2

2

(︂
𝜕

𝜕𝑡
𝑉

)︂
𝑊,

B4 = 1/2 a1
2

(︂
𝜕

𝜕𝑡
𝑈

)︂
𝑉 + 1/2 a2

2 𝜕

𝜕𝑡
𝑃 + 1/2 a2

2 (𝑉 )2 − 1/2 a2
2𝜇

𝜕2

𝜕𝑡𝜕𝑦
𝑉 + 1/2 a1

2𝑈
𝜕

𝜕𝑡
𝑉+

+1/2
(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2
𝜕

𝜕𝑡
𝑉 + 1/2 a3

2

(︂
𝜕

𝜕𝑡
𝑉

)︂
𝑊 + 1/2 a3

2𝑉
𝜕

𝜕𝑡
𝑊 + 1/2 a1

2𝑈𝑉 − 1/2 a1
2𝜇

𝜕2

𝜕𝑡𝜕𝑦
𝑈+

+1/2 a3
2𝑉𝑊 + a2

2𝑉
𝜕

𝜕𝑡
𝑉 − 1/2 a3

2𝜇
𝜕2

𝜕𝑡𝜕𝑦
𝑊,

A4 = a1
2𝑈

𝜕

𝜕𝑡
𝑈+1/2 a1

2 𝜕

𝜕𝑡
𝑃−1/2 a2

2𝜇
𝜕2

𝜕𝑡𝜕𝑥
𝑉+1/2 a1

2 (𝑈)2+1/2 a3
2𝑈

𝜕

𝜕𝑡
𝑊−1/2 a3

2𝜇
𝜕2

𝜕𝑡𝜕𝑥
𝑊+

+1/2 a2
2𝑈𝑉 + 1/2 a3

2

(︂
𝜕

𝜕𝑡
𝑈

)︂
𝑊 + 1/2 a2

2

(︂
𝜕

𝜕𝑡
𝑈

)︂
𝑉 + 1/2 a2

2𝑈
𝜕

𝜕𝑡
𝑉 + 1/2 a3

2𝑈𝑊+

+1/2
(︂
𝑑

𝑑𝑠
𝑡(𝑠)

)︂2
𝜕

𝜕𝑡
𝑈 − 1/2 a1

2𝜇
𝜕2

𝜕𝑡𝜕𝑥
𝑈.

1 On the metrics with vanishing scalar Invariants

For the metric (1), all scalar invariants constructed from the Riemann tensor and its
covariant derivatives are equal to zero. This circumstance forces us to use invariants
of another type - the Cartan invariants

K:=R{^i a j b}*R{^j c i d}* m^{a}*m^{b}*m^{c}*m^{d}

S:=R{a b}*R{c d} n{^a}*n{^b}*n{c}*n{^d}

As example

𝐾 = (𝑈(𝑥, 𝑦, 𝑧, 𝑡))2
𝜕

𝜕𝑥
𝑈(𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕

𝜕𝑧
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)

)︂
(𝑊 (𝑥, 𝑦, 𝑧, 𝑡))2+(𝑈(𝑥, 𝑦, 𝑧, 𝑡))2

𝜕

𝜕𝑧
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)+

+
(︂
𝜕

𝜕𝑦
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)

)︂
(𝑊 (𝑥, 𝑦, 𝑧, 𝑡))2+(𝑈(𝑥, 𝑦, 𝑧, 𝑡))2

𝜕

𝜕𝑦
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕

𝜕𝑥
𝑈(𝑥, 𝑦, 𝑧, 𝑡)

)︂
(𝑊 (𝑥, 𝑦, 𝑧, 𝑡))2−
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−2
(︂
𝜕

𝜕𝑧
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡)− 2

(︂
𝜕

𝜕𝑥
𝑈(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡)−

−2
(︂
𝜕

𝜕𝑦
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡)

Another way to study the properties of the NS system is to use the differential
parameters of Beltrami

If 𝑓(𝑥𝑖) and ℎ(𝑥𝑖) are the functions of coordinates of the space then the functions
defined as

∆1(𝑓) = 𝑔𝑖𝑗 𝜕𝑓

𝜕𝑥𝑖

𝜕𝑓

𝜕𝑥𝑗
, ∆1(𝑓, ℎ) = 𝑔𝑖𝑗 𝜕𝑓

𝜕𝑥𝑖

𝜕ℎ

𝜕𝑥𝑗
,

∆2(𝑓) = 𝑔𝑖𝑗 𝜕2𝑓

𝜕𝑥𝑖, 𝑥𝑗
− Γ𝑘

𝑖𝑗

𝜕𝑓

𝜕𝑥𝑘

In the case
𝑓 = 𝜓(𝑥, 𝑦, 𝑧, 𝑡, 𝜂, 𝜌,𝑚, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜒, 𝑛)

from the Laplace-Beltrami equation

∆(𝜓) = 0

in particular we find the equation

−
(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑢𝑃 (𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕2

𝜕𝑝2
F15

)︂
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)𝑤 −

(︂
𝜕2

𝜕𝑝2
F15

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑢−

−
(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)𝑝−

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑝−

(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑣 (𝑉 (𝑥, 𝑦, 𝑧, 𝑡))2−

−
(︂
𝜕2

𝜕𝑝2
F15

)︂
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)𝑣 −

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑢 (𝑈(𝑥, 𝑦, 𝑧, 𝑡))2 −

(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑤 (𝑊 (𝑥, 𝑦, 𝑧, 𝑡))2−

−
(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑤𝑃 (𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)𝑝−

(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑣𝑃 (𝑥, 𝑦, 𝑧, 𝑡)+

+
(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑤𝜇

𝜕

𝜕𝑧
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑣𝜇

𝜕

𝜕𝑦
𝑈(𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑣𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑉 (𝑥, 𝑦, 𝑧, 𝑡)+

+
(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑢𝜇

𝜕

𝜕𝑥
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑤𝜇

𝜕

𝜕𝑧
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑢𝜇

𝜕

𝜕𝑥
𝑈(𝑥, 𝑦, 𝑧, 𝑡)−

−
(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑢𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑉 (𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑤𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡)+

+
(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑣𝜇

𝜕

𝜕𝑦
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕2

𝜕𝜒2
F15

)︂
𝑤𝑉 (𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡)−

−
(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑢𝑈(𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡) +

(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑢𝜇

𝜕

𝜕𝑥
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)−

−
(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑣𝑉 (𝑥, 𝑦, 𝑧, 𝑡)𝑊 (𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕2

𝜕𝜉2
F15

)︂
𝑤𝜇

𝜕

𝜕𝑧
𝑈(𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕2

𝜕𝑛2
F15

)︂
𝑣𝜇

𝜕

𝜕𝑦
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)−

−2
(︂
𝜕

𝜕𝑛
F15

)︂
c7 − 2

(︂
𝜕

𝜕𝜉
F15

)︂
c5 − 2

(︂
𝜕

𝜕𝜒
F15

)︂
c6 − 2

𝜕2

𝜕𝑣𝜕𝑦
F15−

−2
𝜕2

𝜕𝑝𝜕𝑡
F15 − 2

𝜕2

𝜕𝑢𝜕𝑥
F15 − 2

𝜕2

𝜕𝑤𝜕𝑧
F15 = 0,

where F15 = F15 ((𝑥, 𝑦, 𝑧, 𝑡, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜒, 𝑛)) and the relation of the form

(𝑈(𝑥, 𝑦, 𝑧, 𝑡)−𝑊 (𝑥, 𝑦, 𝑧, 𝑡))𝑃 (𝑥, 𝑦, 𝑧, 𝑡)/𝜇 =
(︂
𝜕

𝜕𝑧
𝑈(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)−𝑊 (𝑥, 𝑦, 𝑧, 𝑡)

𝜕

𝜕𝑥
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)−
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−𝑊 (𝑥, 𝑦, 𝑧, 𝑡)
𝜕

𝜕𝑥
𝑈(𝑥, 𝑦, 𝑧, 𝑡)−𝑊 (𝑥, 𝑦, 𝑧, 𝑡)

𝜕

𝜕𝑥
𝑊 (𝑥, 𝑦, 𝑧, 𝑡) +

(︂
𝜕

𝜕𝑧
𝑉 (𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡)+

+
(︂
𝜕

𝜕𝑧
𝑊 (𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝑈(𝑥, 𝑦, 𝑧, 𝑡), (2)

when
𝜓(𝑥, 𝑦, 𝑧, 𝑡, 𝜂, 𝜌,𝑚, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜒, 𝑛) = A(𝑥, 𝑦, 𝑧, 𝑡, 𝑝)𝑒−𝜂−𝜉−𝑚−𝑛−𝜒−𝜌.

With the help of the condition (2) we find as particular case the system of equations
1. (︂

𝜕2

𝜕𝑧2
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝜕2

𝜕𝑥2
𝜑(𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕2

𝜕𝑥𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂2

+ 𝐹 (𝑥, 𝑧, 𝑡 = 0,

𝜕3

𝜕𝑥𝜕𝑡𝜕𝑥
𝜑(𝑥, 𝑦, 𝑧, 𝑡)+

𝜕3

𝜕𝑧𝜕𝑡𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡)+

(︂
𝜕

𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂(︂
𝜕3

𝜕𝑥3
𝜑(𝑥, 𝑦, 𝑧, 𝑡) +

𝜕3

𝜕𝑧𝜕𝑥𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂
−

−
(︂
𝜕

𝜕𝑥
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂(︂
𝜕3

𝜕𝑥2𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡) +

𝜕3

𝜕𝑧3
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂
−

−𝜇
(︂
𝜕4

𝜕𝑥4
𝜑(𝑥, 𝑦, 𝑧, 𝑡) + 2

𝜕4

𝜕𝑧𝜕𝑥2𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡) +

𝜕4

𝜕𝑧4
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂
−

−𝜇
(︂

𝜕4

𝜕𝑦𝜕𝑥2𝜕𝑦
𝜑(𝑥, 𝑦, 𝑧, 𝑡) +

𝜕4

𝜕𝑧𝜕𝑦2𝜕𝑧
𝜑(𝑥, 𝑦, 𝑧, 𝑡)

)︂
= 0,

which give as the solution

𝑈(𝑥, 𝑦, 𝑧, 𝑡) =
𝑦 − 𝑥+ 𝑥𝑡− 𝑡𝐾(𝑧, 𝑡) sin(𝑡−1)

𝑡2
,

𝑉 (𝑥, 𝑦, 𝑧, 𝑡) =
𝑦 − 2𝑥+ 𝑦𝑡− 𝑡𝐾(𝑧, 𝑡)

(︀
sin(𝑡−1) + cos(𝑡−1)

)︀
𝑡2

,

𝑊 (𝑥, 𝑦, 𝑧, 𝑡) = −2
𝑧

𝑡
,

depending from solutions of the Heat equation

𝜕

𝜕𝑡
𝐾(𝑧, 𝑡) + 𝜇

𝜕2

𝜕𝑧2
𝐾(𝑧, 𝑡) + 2

𝑧 𝜕
𝜕𝑧𝐾(𝑧, 𝑡)

𝑡
.

This metric belongs to the class of partially-projective spaces and their Cartan-
Invariants,

𝐶 = 𝑅(𝑖 𝑎 𝑗 𝑏)𝑅(𝑗 𝑐 𝑖 𝑑)𝐴𝑎𝐴𝑏𝐴𝑐𝐴𝑑,

where 𝐴𝑖 14D-vector constructed on the basis of the Riemann curvature 𝐶 = 𝑅(𝑖𝑎𝑗 𝑏)
of the space can be used in theory of the 𝑁𝑆-equations.

2 On the limit cycles and strange attractors

From the Euler system 𝜇 = 0

𝜕

𝜕𝑡
𝑉⃗ +

(︁
𝑉⃗ · ∇⃗

)︁
𝑉⃗ + ∇⃗𝑃 (𝑥⃗) = 0, ∇⃗ · 𝑉⃗ = 0,

after substitution

𝑈(𝑥⃗, 𝑡) = 𝐴1(𝑡)𝑥+𝐴2(𝑡)𝑦 +𝐴3(𝑡)𝑧, 𝑉 (𝑥⃗, 𝑡) = 𝐵1(𝑡)𝑥+𝐵2(𝑡)𝑦 +𝐵3(𝑡)𝑧,

𝑊 (𝑥⃗, 𝑡) = 𝐶1(𝑡)𝑥+ 𝐶2(𝑡)𝑦 + 𝐶3(𝑡)𝑧, 𝐵2(𝑡) = −𝐴1(𝑡)− 𝐶3(𝑡)

we get the conditions on the coefficients

𝑑

𝑑𝑡
A2 (𝑡) = −B1 C3 + A2 C3 −A3 C2 +

𝑑

𝑑𝑡
B1 (𝑡) + B3 C1 ,
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𝑑

𝑑𝑡
B3 (𝑡) = C1 A2 − B1 A3 + B3 A1 +

𝑑

𝑑𝑡
C2 (𝑡)− C2 A1 ,

𝑑

𝑑𝑡
C1 (𝑡) = A1 A3 + A2 B3 +

𝑑

𝑑𝑡
A3 (𝑡) + C3 A3 − C1 A1 − C2 B1 − C3 C1 . (3)

In special case these relations take the form

𝑑

𝑑𝑡
A2 (𝑡) = 4 a0 C1

2+(4 a2 B3 + (3 a1 − b2 ) A2 ) C1+(2 a11 − b12 ) A2
2+(3 a12 − 2 b22 ) A2 B3+4 a22 B3

2,

𝑑

𝑑𝑡
B3 (𝑡) = 4 b 0 C1

2+(4 b 1 A2 + (3 b2 − a1 ) B3 ) C1+(2 b22 − a12 ) B3
2+(3 b12 − 2 a11 ) A2 B3+4 b11 A2

2,

𝑑

𝑑𝑡
C1 (𝑡) = (−a1 − b2 ) C1

2 + (−2 b22 − a12 ) C1 B3 + (−b12 − 2 a11 ) A2 C1 (4)

The system (4) is the projective extension of the polynomial system

𝑑

𝑑𝑡
𝑥(𝑡) = a0 + a1 𝑥+ a2 𝑦 + a11 𝑥2 + a12 𝑥𝑦 + a22 𝑦2,

𝑑

𝑑𝑡
𝑦(𝑡) = b0 + b1 𝑥+ b2 𝑦 + b11 𝑥2 + b12 𝑥𝑦 + b22 𝑦2.

It has the limit cycles at the special choice of parameters 𝑎𝑖, 𝑏𝑖, 𝑎(𝑖𝑗), 𝑏(𝑖𝑗) (the numbers
of the limit cycles in this system- is unsolved up to this time Hilbert-problem!!!)

Remark that the reductions at the R
ossler system with limit cycles

𝑑

𝑑𝑡
A2 (𝑡) = −B3 (𝑡)− C1 (𝑡),

𝑑

𝑑𝑡
B3 (𝑡) = 𝛼B3 (𝑡) + A2 (𝑡),

𝑑

𝑑𝑡
C1 (𝑡) = C1 (𝑡) (A2 (𝑡)− 𝛿) + 𝛽,

and at the Lorenz system

𝑑

𝑑𝑡
A2 (𝑡) = 𝜎 (B3 (𝑡)−A2 (𝑡)) ,

𝑑

𝑑𝑡
B3 (𝑡) = −B3 (𝑡)−A2 (𝑡)C1 (𝑡) + 𝑟A2 (𝑡),

𝑑

𝑑𝑡
C1 (𝑡) = −𝑏C1 (𝑡) + A2 (𝑡)B3 (𝑡)

The case of full the 𝑁𝑆-system 𝜇 ̸= 0 is a more complicate.
As example in the case when the components of the velocities are of the form

(V.V. Pukhnachov, 1972)

𝑉 (𝑥, 𝑦, 𝑧, 𝑡) =
𝜕

𝜕𝑥
𝐻(𝑥, 𝑦, 𝑧, 𝑡), 𝑊 (𝑥, 𝑦, 𝑧, 𝑡) = W1 (𝑦, 𝑡), 𝑃 (𝑥, 𝑦, 𝑧, 𝑡) = P1 (𝑦, 𝑡),

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = − 𝜕

𝜕𝑦
𝐻(𝑥, 𝑦, 𝑧, 𝑡),

properties of the flows depend from the solutions of the function 𝐻(𝑥, 𝑦, 𝑧, 𝑡) satisfying
to the 𝑃𝐷𝐸

−
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2
𝜕3

𝜕𝑡2𝜕𝑦
𝐻(𝑥⃗, 𝑡)− 2

(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇2 𝜕3

𝜕𝑧𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)−

−2
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇2 𝜕3

𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡) +

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇
𝜕4

𝜕𝑥2𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2
𝜕3

𝜕𝑦3
𝐻(𝑥⃗, 𝑡) +

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕2

𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−2
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇2 𝜕
3

𝜕𝑦3
𝐻(𝑥⃗, 𝑡) +

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕4

𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇2 𝜕

3

𝜕𝑦3
𝐻(𝑥⃗, 𝑡)−
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−
(︂

𝜕3

𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)+

+
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇
𝜕4

𝜕𝑧𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)+

(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇
𝜕4

𝜕𝑦𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−
(︂

𝜕3

𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇

𝜕3

𝜕𝑧𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)−

(︂
𝜕3

𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇
𝜕3

𝜕𝑦3
𝐻(𝑥⃗, 𝑡)−

−
(︂

𝜕3

𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇

𝜕3

𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡)+

(︂
𝜕3

𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑦2
𝐻(𝑥⃗, 𝑡)−

−𝜇
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕4

𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)−𝜇

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕4

𝜕𝑦2𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇

𝜕3

𝜕𝑧𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)−

−
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥, 𝑦, 𝑧, 𝑡)

)︂(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇

𝜕3

𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−𝜇
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕4

𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑦2
𝐻(𝑥⃗, 𝑡)+

+𝜇
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕4

𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡𝑥⃗, 𝑡)

)︂(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−𝜇
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕2

𝜕𝑦2
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑦𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)+2

(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇2 𝜕

4

𝜕𝑦4
𝐻(𝑥⃗, 𝑡)−

−2𝜇
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑥𝜕𝑦
𝐻(𝑥, 𝑦, 𝑧, 𝑡)+2

(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇
𝜕4

𝜕𝑦4
𝐻(𝑥⃗, 𝑡)+

+2𝜇
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑦2
𝐻(𝑥⃗, 𝑡)−2𝜇

(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑦𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)+

+2
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇2 𝜕4

𝜕𝑧𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)+

+
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑦𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)+

+
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕4

𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇2 𝜕3

𝜕𝑧𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)+

+
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥, 𝑦, 𝑧, 𝑡)

)︂(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)+

+𝜇
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕2

𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑦3
𝐻(𝑥⃗, 𝑡)+

+
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑦2
𝐻(𝑥⃗, 𝑡)+

+
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕4

𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡𝑡)

)︂
𝜇2 𝜕3

𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡)+

+2
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇2 𝜕4

𝜕𝑦𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡)−
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−3
(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜇
𝜕3

𝜕𝑦3
𝐻(𝑥⃗, 𝑡)+

+2𝜇
(︂

𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑦𝜕𝑥𝜕𝑦
𝐻(𝑥⃗, 𝑡)+2

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇
𝜕4

𝜕𝑦2𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−2
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕

𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑦𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕2

𝜕𝑡𝜕𝑥
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑦2
𝐻(𝑥, 𝑦, 𝑧, 𝑡)+

+
(︂

𝜕3

𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂
𝜕2

𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡) +

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇
𝜕4

𝜕𝑧𝜕𝑦𝜕𝑡𝜕𝑧
𝐻(𝑥⃗, 𝑡)+

+
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2(︂
𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡)

)︂
𝜕3

𝜕𝑥𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇2 𝜕5

𝜕𝑧𝜕𝑦3𝜕𝑧
𝐻(𝑥⃗, 𝑡)−

(︂
𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇2 𝜕5

𝜕𝑦2𝜕𝑥2𝜕𝑦
𝐻(𝑥⃗, 𝑡)−

−
(︂

𝜕2

𝜕𝑦𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2

𝜇2 𝜕
5

𝜕𝑦5
𝐻(𝑥⃗, 𝑡) + 2𝜇

(︂
𝜕3

𝜕𝑦2𝜕𝑧
𝐻(𝑥⃗, 𝑡)

)︂2
𝜕2

𝜕𝑡𝜕𝑦
𝐻(𝑥⃗, 𝑡) = 0.

This equation admit reduction at the ODE of the form(︁(︁
𝐷(2)

)︁
(H1 )(𝜉)

)︁2

𝜇
(︁
𝐷(5)

)︁
(H1 )(𝜉)−D(H1 )(𝜉)

(︁(︁
𝐷(2)

)︁
(H1 )(𝜉)

)︁2 (︁
𝐷(4)

)︁
(H1 )(𝜉)−

−3
(︁
𝐷(2)

)︁
(H1 )(𝜉)

(︁
𝐷(4)

)︁
(H1 )(𝜉)𝜇

(︁
𝐷(3)

)︁
(H1 )(𝜉)+

+
(︁(︁
𝐷(3)

)︁
(H1 )(𝜉)

)︁2

D(H1 )(𝜉)
(︁
𝐷(2)

)︁
(H1 )(𝜉) + 2

(︁(︁
𝐷(3)

)︁
(H1 )(𝜉)

)︁3

𝜇+

+
(︁(︁
𝐷(2)

)︁
(H1 )(𝜉)

)︁2 (︁
𝐷(4)

)︁
(H1 )(𝜉)𝑘 −

(︁(︁
𝐷(3)

)︁
(H1 )(𝜉)

)︁2 (︁
𝐷(2)

)︁
(H1 )(𝜉)𝑘 = 0,

where 𝜉 = 𝑥+ 𝑦 + 𝑧 − 𝑘𝑡.
Solution of this equation is expressed throw the second order ODE

= 0 (5)

3 Lorenz system

The system
𝑦̇ = 𝑟𝑥− 𝑦 − 𝑥𝑧, 𝑧̇ = 𝑥𝑦 − 𝑏𝑧, 𝑥̇ = 𝜎(𝑦 − 𝑥),

is reduced to the second order ODE

𝑦′′ − 3
𝑦′2

𝑦
+
(︀
𝛼 𝑦 − 𝑥−1

)︀
𝑦′ + 𝜖 𝑥𝑦4 +

𝛿

𝑥
𝑦2 − 𝛾 𝑦3 − 𝛽 𝑥3𝑦4 − 𝛽 𝑥2𝑦3 = 0,

where

𝛼 =
𝑏+ 𝜎 + 1

𝜎
, 𝛽 =

1
𝜎2
, 𝛾 =

𝑏(𝜎 + 1)
𝜎2

, 𝛿 =
(𝜎 + 1)
𝜎

, 𝜖 =
𝑏(𝑟 − 1)
𝜎2

.

The equation (5) after change of variables looks as

𝑑2

𝑑𝑥2
𝑦(𝑥)−3

(︀
𝑑
𝑑𝑥𝑦(𝑥)

)︀2
𝑦

+
(︂(︂

5− 1
𝑥𝜇

)︂
𝑦 − 𝑥−1

)︂
𝑑

𝑑𝑥
𝑦(𝑥)−

(︀
−4𝑥+ 2𝜇−1

)︀
𝑦4+

(︂
10− 3

1
𝑥𝜇

)︂
𝑦3+3

𝑦2

𝑥
= 0.

This equation has the invariant form

𝑑2

𝑑𝑥2
𝑦(𝑥) + a1 (𝑥, 𝑦)

(︂
𝑑

𝑑𝑥
𝑦(𝑥)

)︂3

+ 3 a2 (𝑥, 𝑦)
(︂
𝑑

𝑑𝑥
𝑦(𝑥)

)︂2

+ 3 a3 (𝑥, 𝑦)
𝑑

𝑑𝑥
𝑦(𝑥) + a4 (𝑥, 𝑦) = 0
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under change of the variables 𝑥 = 𝑥(𝑢, 𝑣), 𝑦 = 𝑦(𝑢, 𝑣) and has the invariants

Nu (m + 5 ) = L 1
𝜕

𝜕𝑦
Nu m − L 2

𝜕

𝜕𝑥
Nu m +𝑚Nu m(

𝜕

𝜕𝑥
L 2 (𝑥, 𝑦)− 𝜕

𝜕𝑦
L 1 (𝑥, 𝑦)),

constructed from

Nu 5 = L 2
(︂

L 1
𝜕

𝜕𝑥
L 2 (𝑥, 𝑦)− L 2

𝜕

𝜕𝑥
L 1 (𝑥, 𝑦)

)︂
+L 1

(︂
L 2

𝜕

𝜕𝑦
L 1 (𝑥, 𝑦)− L 1

𝜕

𝜕𝑦
L 2 (𝑥, 𝑦)

)︂
−

−a1 (𝑥, 𝑦)L 1 3 + 3 a2 (𝑥, 𝑦)L 1 2L 2 − 3 a3 (𝑥, 𝑦)L 1 L 2 2 + a4 (𝑥, 𝑦)L 2 3,

where

L1 =
𝜕2

𝜕𝑦2
a4 (𝑥, 𝑦)+3

(︂
𝜕

𝜕𝑦
a2 (𝑥, 𝑦)

)︂
a4 (𝑥, 𝑦)+3 a2 (𝑥, 𝑦)

𝜕

𝜕𝑦
a4 (𝑥, 𝑦)−2

𝜕2

𝜕𝑥𝜕𝑦
a3 (𝑥, 𝑦)+

𝜕2

𝜕𝑥2
a2 (𝑥, 𝑦)−

−2 a4 (𝑥, 𝑦)
𝜕

𝜕𝑥
a1 (𝑥, 𝑦)− a1 (𝑥, 𝑦)

𝜕

𝜕𝑥
a4 (𝑥, 𝑦)− 3 a3 (𝑥, 𝑦)

(︂
2
𝜕

𝜕𝑦
a3 (𝑥, 𝑦)− 𝜕

𝜕𝑥
a2 (𝑥, 𝑦)

)︂
and

L2 =
𝜕2

𝜕𝑥2
a1 (𝑥, 𝑦)−3

(︂
𝜕

𝜕𝑥
a1 (𝑥, 𝑦)

)︂
a3 (𝑥, 𝑦)−3 a1 (𝑥, 𝑦)

𝜕

𝜕𝑥
a3 (𝑥, 𝑦)+

𝜕2

𝜕𝑦2
a3 (𝑥, 𝑦)−2

𝜕2

𝜕𝑥𝜕𝑦
a2 (𝑥, 𝑦)+

+
(︂
𝜕

𝜕𝑦
a1 (𝑥, 𝑦)

)︂
a4 (𝑥, 𝑦) + 2 a1 (𝑥, 𝑦)

𝜕

𝜕𝑦
a4 (𝑥, 𝑦)− 3 a2 (𝑥, 𝑦)

(︂
𝜕

𝜕𝑦
a3 (𝑥, 𝑦)− 2

𝜕

𝜕𝑥
a2 (𝑥, 𝑦)

)︂
.

As example, in the Lorenz case

Nu 5 = 𝐴𝑥2 +
𝐵

𝑥2𝑦2
+ 𝐶,

𝐴 = 𝛼𝛽(10𝛼− 𝛼2 − 6 𝛿), 𝐵 = 𝛼(4/9𝛼2 + 2/3𝛼 𝛿 − 2 𝛿2),

𝐶 = 𝛼
(︀
2/9𝛼4 + 6 𝜖 𝛿 − 4𝛼 𝜖− 𝛾 𝛼2

)︀
,

where

𝛼 =
𝑏+ 𝜎 + 1

𝜎
, 𝛽 =

1
𝜎2
, 𝛾 =

𝑏(𝜎 + 1)
𝜎2

, 𝛿 =
(𝜎 + 1)
𝜎

, 𝜖 =
𝑏(𝑟 − 1)
𝜎2

.

4 Toroidal vortex in viscous liquid

Following system of equations

2
𝑑2

𝑑𝑥2
𝑈(𝑥) + 2𝑥

𝑑3

𝑑𝑥3
𝑈(𝑥)− 2𝐺(𝑥)− 𝑈(𝑥)

𝑑2

𝑑𝑥2
𝑈(𝑥) +

(︂
𝑑

𝑑𝑥
𝑈(𝑥)

)︂2

= 0,

2𝑥
𝑑2

𝑑𝑥2
𝑉 (𝑥)− 𝑈(𝑥)

𝑑

𝑑𝑥
𝑉 (𝑥) + 𝑉 (𝑥)

𝑑

𝑑𝑥
𝑈(𝑥) = 0, 4𝑥2 𝑑

𝑑𝑥
𝐺(𝑥) + (𝑉 (𝑥))2 = 0

describes axial symmetric motion of viscous liquid

V r =
𝜇𝑈(𝑥)
𝑟

, V z = −2
𝜇 𝑧 𝑑

𝑑𝑥𝑈(𝑥)
𝑅2

V phi =
𝜇 𝑧
√

2𝑉 (𝑥)
𝑅𝑟

, 𝐵(𝑥) = − 𝑑

𝑑𝑥
𝑈(𝑥)− 1/4

(𝑈(𝑥))2

𝑥

𝑃 = P0 + 2𝜇2

(︂
𝐵(𝑥)− 2

𝑧2𝐺(𝑥)
𝑅2

)︂
𝑅−2,

where 𝑈, 𝑉,𝐵,𝐺-are unknown functions of coordinate 𝑥 = 𝑟2/𝑅). (S.N.Aristov,2001)
Given system of equations admits the reduction at the second order ODE of the

form

𝑑2

𝑑𝑥2
𝑦(𝑥) + a1 (𝑥, 𝑦)

(︂
𝑑

𝑑𝑥
𝑦(𝑥)

)︂3

+ 3 a2 (𝑥, 𝑦)
(︂
𝑑

𝑑𝑥
𝑦(𝑥)

)︂2

+ 3 a3 (𝑥, 𝑦)
𝑑

𝑑𝑥
𝑦(𝑥) + a4 (𝑥, 𝑦) = 0
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with the coefficients

a1 (𝑥, 𝑦) = 0, a2 (𝑥, 𝑦) = −1/3
3 𝑦𝑥+ 2
𝑦 (𝑦𝑥+ 1)

,

a2 (𝑥, 𝑦) = −1/3
𝑦 (𝑥− 1) (𝑦𝑥− 1)

𝑦𝑥+ 1
,

a4 (𝑥, 𝑦) = 1/3
𝑦2
(︀
𝑦 + 2 𝑦𝑥+ 𝑥3𝑦3 + 2𝑥2𝑦2 + 𝑦𝑥2 + 2 𝑦2𝑥3 + 2𝑥4𝑦3 + 3

)︀
𝑦𝑥+ 1

and so it properties may be investigated by the help of Liouville-Tresse-Cartan in-
variants

What is of corresponding dynamical system

𝑦̇ = 𝑀(𝑥, 𝑦, 𝑧), 𝑧̇ = 𝑁(𝑥, 𝑦, 𝑧), 𝑥̇ = 𝐿(𝑥, 𝑦, 𝑧)?

is open question.

5 2D-Hydrodynamic

Let us consider the equation describing 2𝐷-flows of incompressible liquids

𝜕

𝜕𝑡
∆(𝑥, 𝑦, 𝑧, 𝑡)−

(︂
𝜕

𝜕𝑥
𝜓(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝜕

𝜕𝑦
∆(𝑥, 𝑦, 𝑧, 𝑡) +

(︂
𝜕

𝜕𝑦
𝜓(𝑥, 𝑦, 𝑧, 𝑡)

)︂
𝜕

𝜕𝑥
∆(𝑥, 𝑦, 𝑧, 𝑡)−

−𝜇
(︂
𝜕2

𝜕𝑥2
∆(𝑥, 𝑦, 𝑧, 𝑡) +

𝜕2

𝜕𝑦2
∆(𝑥, 𝑦, 𝑧, 𝑡)

)︂
= 0,

where

∆(𝑥, 𝑦, 𝑧, 𝑡) =
𝜕2

𝜕𝑥2
𝜓(𝑥, 𝑦, 𝑧, 𝑡) +

𝜕2

𝜕𝑦2
𝜓(𝑥, 𝑦, 𝑧, 𝑡),

and

𝑈(𝑥, 𝑦, 𝑧, 𝑡) =
𝜕

𝜕𝑦
𝜓(𝑥, 𝑦, 𝑡), 𝑉 (𝑥, 𝑦, 𝑧, 𝑡) = − 𝜕

𝜕𝑥
𝜓(𝑥, 𝑦, 𝑡), 𝑊 (𝑥, 𝑦, 𝑧, 𝑡) = 0.

In particular case we get the p.d.e.(︂
𝜕

𝜕𝑥
𝐴(𝑥, 𝑦)

)︂
𝜕3

𝜕𝑥2𝜕𝑦
𝐴(𝑥, 𝑦)+

(︂
𝜕

𝜕𝑥
𝐴(𝑥, 𝑦)

)︂
𝜕3

𝜕𝑦3
𝐴(𝑥, 𝑦)−

(︂
𝜕

𝜕𝑦
𝐴(𝑥, 𝑦)

)︂
𝜕3

𝜕𝑥3
𝐴(𝑥, 𝑦)−

(︂
𝜕

𝜕𝑦
𝐴(𝑥, 𝑦)

)︂
𝜕3

𝜕𝑦𝜕𝑥𝜕𝑦
𝐴(𝑥, 𝑦)+

+𝜇
(︂
𝜕4

𝜕𝑥4
𝐴(𝑥, 𝑦) + 2

𝜕4

𝜕𝑦𝜕𝑥2𝜕𝑦
𝐴(𝑥, 𝑦) +

𝜕4

𝜕𝑦4
𝐴(𝑥, 𝑦)

)︂
+ = 0.

after transformations of the form

𝜕

𝜕𝑦
𝐴(𝑥, 𝑦) =

𝜕
𝜕𝜏 𝑢(𝑥, 𝜏)
𝜕
𝜕𝜏 𝑣(𝑥, 𝜏)

,
𝜕

𝜕𝑥
𝐴(𝑥, 𝑦) =

𝜕

𝜕𝑥
𝑢(𝑥, 𝜏)−

(︀
𝜕
𝜕𝑥𝑣(𝑥, 𝜏)

)︀
𝜕
𝜕𝜏 𝑢(𝑥, 𝜏)

𝜕
𝜕𝜏 𝑣(𝑥, 𝜏)

and their extensions to higher order derivatives 𝐴𝑥𝑥, 𝐴𝑥𝑦, 𝐴𝑦𝑦 and so on... we obtain
an indefinite partial differential equation with respect to the functions

𝐹 (𝑥, 𝑦, 𝑢𝑥, 𝑢𝑦...𝑣𝑥, 𝑣𝑦...) = 0,

with the help of which particular solutions of the original equation for the function
𝐴(𝑥, 𝑦) are constructed.
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6 New exampel of flow

Following exact solution of the NS-equations

𝑃 (𝑥, 𝑦, 𝑧, 𝑡) = −1/2 𝑧4 − C3 𝑧3 +
(︀
−5 𝑦2 + 4𝑥2 − C6 − 1/2 C3 2 + 3

)︀
𝑧2+

+
(︀
4 C3 𝑥2 − 5 C3 𝑦2 − C6 C3 − 2 C7 𝑦 + 3 C3

)︀
𝑧 − 9/2 𝑦4+

+
(︀
−20𝑥2 − 1/2 C3 2 − 3 C6 + 9

)︀
𝑦2 + (− C7 C3+

+8𝑥𝛼2𝑦 − 8𝑥4 + (4 C6 − 12)𝑥2 − 1/2𝛼22 + F3 (𝑡) ,

𝑈 (𝑥, 𝑦, 𝑧, 𝑡) = C1 𝑦 − 8𝑥𝑦 + C2 ,

𝑉 (𝑥, 𝑦, 𝑧, 𝑡) = C1 𝑥+ C3 𝑧 − 4𝑥2 + 3 𝑦2 + 𝑧2 + C9 − 3,

𝑊 (𝑥, 𝑦, 𝑧, 𝑡) = 2 𝑧𝑦 + C3𝑦 + 𝛽,

describing the flow of incompressible liquid with parameters may be used to the
further consideration...
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