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1. 6D-metrics and the NS-equations

For solving system of the Navier-Stokes equations
O e (o =\ - Lo .
av+(V-V)vzum/—vp(gc,t), V-V =0, (1)

where V(f, t) -is the fluid velocity, P(Z,t)- is the pressure and pu- is the viscosity of liquid, was
used their representation in form of laws of conservations:

0 0 0 0

8yH( t) — £E( t) =0, EH(f, t) — 8—963(5, t) =0,
0 . 0 .
9z (:U,t)— 8yB( 7t):07 (2)

where
H(Zt) =U; +UU, + VU, + WU, — (Upy + Uy + U...),

E@Zt)=Vi+ UV + VVy + WV, — u(Vaw + Vi + Vz),
B(Z,t) = Wy + UW, + VW, + WW, — f(Way + Wy + Wes).

This allow us to introduce six-dimension Riemann space, equipped with the metric
0
ds* = =2 B(Z,t)dt dv + 2 E(Z,t)dt dw + 2 H(Z,t)dv dw — 2 (/aH(f7 t)dz) dw’+
Y

+dt dz + dv dy + dw dz (3)

and to use it for construct an examples of solutions of the N S-equations.

In general the metric (3) has fifteen components of the Ricci-tensor R;x, and nine of them are
equal to zero if the functions H(Z,t), E(Z,t), B(Z,t) satisfy the conditions (2). The remaining six
components of the Ricci tensor R, Ryw, Ruww, Rit, Riv, R are expressed in terms of the functions
H(Z,t), E(Z,t), B(Z,t) and their derivatives.

The Example.

The metric is the Ricci-flat- R;;=0 at the conditions

B(f,t):gF(z,t)—&—F(z,t)%F(z,t)— i

5 F(z,t)

Hoz2

2 2 3

2
H(z,t) = —1/29588(9 (z,t)+1/4x(§zF(z7t)> —1/2xF(z,t)%F(z t)+1/2,u:c883 (z,1)

2 2 3

) ) 2 ) )
E(z,t) = —1/2yat82F(2,t) +1/4y (82F(z,t)) — 1/2yF(z7t)ﬁF(z,t) + 1/2,uy$F(z,t)7

where

U(Z,t) = —1/2:6%1?(2,@, V(@ t) = —1/2 y%F(Z,t), W(Z,t) = F(z,1),

and
93 3 4

0
WF(Z’O - F(Z,t)@F(z,t) +p @F(th) =0.
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2.
In particular case when the components of metric are of the form
62 62 82
B(Z,t) = =—Q(Z,t H(Z,t) = T, t) E(Zt)= 7, t
@.0)= 53QE N, HED = 500 EEH =5 Q@1

we get It takes form

2

ds® = d,d; + dyd, +d.dy, — 2 (862(1‘, Yy 2, t)) did, +2 ( 9

2

822 3y82Q<x’y’z’t)> dtdw+

+2 BQQ( t)) dody — 2 > Q( t)) du?
axaz x7y7z) VW axay x?y7z7 w

and the solutions of the NS-equations are expressed throw the function Q(Z,t) =
that is solution of the Monge-Ampere equation (MA):

2 Qiyzz -2 nyszwzzz -2 meyzQyzzz + Qxxzz@zzyy + Qwa:nyzzzz = 0. (4)

or
oy ?

Theorem 1. The equation (1) determines function pressure P(Z,t) = [(Q(Z,t)dt) of
flow and in particular cases admit reduction to the second order ODE of the form
y" + ar(z,y)y" + 3az(z,y)y"? + 3az(x,y)y’ + as(z,y) = 0, where a; = a;(z,y). This type
of ODE’s meet in theory of nonlinear dynamical systems T = F;(¥) with polynomial
right parts which have as the limit cycles and also strange attractors in their space of
states.

As an example, we give the equation

@ )3 (Ly()® o h=62+3) (Fy@)y@) |, G@)’2*  [@k+12) @)

dz2? (@) kT3 k2 k12 +
n (—k—2) (y(x))° 6 (y(x))* 24 o (=6 — 2k) (y(x))* 2 9 (> +3k+3) (y(x))' 2> 0
k+2 (k+3)(k+2) (k+3)(k+2) (k+3)(k+2) -

which has a form similar to the equation

y/z _ ) :
y’/f3?+ (ay—a )y +eay’ + —y* —yy® — B2y’ — B2y’ =0,

which is equivalent to the Lorenz-dynamical system
y=rx—y—xz, t=xy—bz, t=o0(y—x),

where:
b+o+1 1 b(o+1) o+1) b(r —1)
o= — .

(
= 4= 5= -
G_ 7ﬁ O’ /-Y 2 ) 0_ ’6 02

and solutions of the form

Qz,y,2,t) = _F1(2)+-F2(y)+-F3(2)+-FO(t)+_-F1(x)_-F2(y)+_-F3(2)_-F2(y)+-F1(x)_-F8(2)+_F1(x)_F3(2)_-F2(y),

where

2 e (L F1(2)”

gz @) = l—i,FJ(x) ’
d—4,F3(z) - (%,Fé’(z)) ; (%,Fg(z)) %,F3(2)+ ) (dd—;,F3(z)) EFIG) (%,Fg(z)) o
dz4 1+ _F3(z) (14 _F3(z)) —c2 1+ _F3(z) (14 _F3(z)) -c2

2
2 _Coy (%Jﬁ?(y))
a2 W = T )



Dryuma V.S. 3

where

_ -j(-h)
z= /,h T C6 d_h+ _C5,

F3(z) = ef ihrcr g

and the function ;(;) = is solution of the first order ODE

)=
. 3
) = 6 b () 47 () I 220 (D),
. (2 (=3_co+2+4_ci_cz —3_c1) ([j(-h))° Ly 2 tdae —2.0) (J(h))2> ey

(—c1+ —c1ca+1— _c3) (L (ch))?

+2
_C1-C2 ,hz

with two parameters _co and _c;.

2. 14D-metrics and the NS-equations

A more general approach to study properties of the NS-equations is connected by
using the 14-dimension space with local coordinates z,y, z,t, u,v,w, p,&,n, X, p, ¢, 6.
Theorem 2. The metric

ds* = 2dxdu + 2 dydv + 2 dzdw + (W (Z, t)w—V (T, t)v—U(Z, t)u) dt*+

+ (—U(:E’, tp —u (U(Z,1)° — uP(Z,t) +wp %U(f, t)—wU(Z, )W (Z, t)) dn*+

+ <vu %U(:ﬁ, t) —oU(Z, )V (Z,t) + up (%U(f, t)> dn? + 2 dnd¢ + 2 dpdx + 2 dmdn+

(—V(a?, tp —vP(Z,t) — v (Z,1))* = V(Z, )W (Z, t)w + vp a%\/(f, t) —ul(Z,t)V (7, t)) dp*+
<u,u a%V(f, t)> dp* + (-w(f, OW (T, 1) —w (W(Z, 1))’ —wP(Z,t)+wpu %W(f, t)) dm?*+

(o W (0t) = oV W0+ oW (20) = W (@) o 1)

with the components depending from the functions U, V, W, P has four components of
the Ricci-tensor which are zero

Ryy=U,+Vy+W, =0, Rs5 =0, Rg6 =0, Rr7r =0,

on solutions of the system (1), i.e. the Ricci-flat R;; = 0 on solutions of the NS-
equations.
To deriving this metric are a used law of conservations of NS-system of the form

U+ (U? = pUy + Py + (UV = pUy )y + (UW — pUz). =0
Wt—F(WQ —MWZ+P)z+(UW_MWw)m+(VW_MWy)y :0’
Uy + Vi, + W) =0.
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The metric is the metric of Riemann extensions
Mds? = —oT ;4 (4, 1) W;dad da® + 240, dx’
of 7D-affine connection in local ooordinates x,y, z, t,n, p, m, defined by conditions
Rij = Ok Tk — 0;T%jk + T*IET! ji — T*imI™ jk.

The metric (1) belongs to the class of the Riemann spaces with vanishing scalar
Invariants (meet in theory of gravitation waves!!!) and part of its geodesics with
respect to the coordinates 1, p,m,&, x,n are determined by the equations

=0, p=0,m=0, {=0, ¥ =0, it =0.
and have the form
n(s)=ars+bi, p(s)=azs+bs, m(s)=ags+bs, &(s)=ays+by,

X(s) = a5 s+ bs, n(s) = ag s+ bg.
The equations to the coordinates [z,y, z,t] take the form

2

d e 2, 0 2 (1)) : ) 2, 0
dszx(s)l/QU(dSt(s)> +1/2ay M%Ufl/Qaz (U)"—1/2a1°P—-1/2 ap*UV+1/2 a2 N%‘/,

)
—1/2a3?UW +1/2 as?p 5.V =0,
X

2

d e : 2, 0 2, 0 2 ()2 .
dszy(s)—l/2V<dst(s)) —1/2a;°UV+1/2 ay ua—yU—H/QaQ ua—yV—l/Zag (V)'=1/2 ap”"P—

)
—1/2as* VW 4+ 1/2 as*u a—yW =0,

& d 2 ) , 0 ) , 0
dSQZ(s)—l/QVV(dSt(s)) —1/2a;°UW 4+ 1/2 a4 ,uaU—lﬂag VW +1/2ay MEV—F

0
+1/2 a5y W —1/2 az?(W)*> —1/2a32P =0,
d2
@t(s) —1/2Ua;* —1/2Vas* —1/2Was? = 0,
and the coordinates [u,v,w,p| satisfy the linear system of ODE with respect to the

u® = [u,v,w, p] with the coefficients depended on the (z,y, z,t) and looks as
d2
@U(S) = Aju(s) + Brv(s) + Crw(s) + E1 p(s),

where

0 02 0 H? 0
_ 2 u\w — 2 U 2 9 2 v 27 %
Ar=1/2a <6x ) /2 a7y 0x? a1 oz 1/2 a2y 0x2 1/2 a3 Oz

—1/2as? 8—2W+1/2 2 2U V+1/2 it() 22U+1/2 2UQV+1/2 29 p
95 H 5z2 2\ oz ds Oz “2 Y s Yt

2

B 21, 9 o 9 o 2 2 ¥ 2 (=2
B, = as Vaxv 1/2 a; MfaxayU 1/2 ayp uiaxayV—l—l/Q as axP+1/2a3 <8xv> W+

+1/2a 2V2W71/2a 2 a—2w+1/2 it(s) 22V+1/2a 2 2U V4+1/2a 2Uﬁv
0 o ? M@xay ds Ox T\ oz T2 0x

2 2

H 0x0z

7] 0 0
C] = a32W%W+1/2(112U%W71/2(112,U,8

0z W+

0
2 _ 2
U+1/2a; (&EU)W 1/2 a3
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+1/2a32£P+1/2 it(s) 22W+1/2a22 3V W+1/2a22V§W—1/2a22ua—2v
Ox ds Ox Ox Ox 0xdz '

0 0 0
E1 = 1/2 a22%V+ 1/2 a12%U+ 1/2 CL327VV,

ox
and
d2
@U(S) = Agu(s) + Bz v(s) + Cow(s) + Ez p(s),
d2
@w(s) = Az u(s) + Bz v(s) + Csw(s) + E3p(s),
d2
p(s) = A uls) + By v(s) + €y wls) + By pls),
where
E, =1/2 29W+1/2 29V+1/2 29
4Ty “2 5 “a

B o d )

_ 2 2 2 (Y 2 27 —_ —_
C4=1/2a3° (W) +1/2a, (atU)W+1/2a2 VW +1/2a3 8tP+1/2 (dst(s)> 8tW+
+a 2W§W+1/2a 2UW +1/2a QUQW—I/Qa 2 a—2U—1/2a 2 8—2W—
ot ! LRgT 1 Bt T
2

)
- 2
V2as'n 55

0 0
%4 2‘7 %% 2 vV Iw.
1/2as ot 1/2a5 (at > ’

2

)
V+1/2a,2°U=V+

B} =1/2a;2 <8U> V+1/2 a22§P+ 1/2a5% (V)? —1/2as%p 0 o

ot ot atdy

2

d 29 B) B B
1/2 | —t — 1/2a52 | = 1/2 a5V = 1/2a,20V —1/2a;%n ——
+ / (dS (S)) 8tV+ / as (atv> W + / as VatW+ / ajy uv / ajy ,Ll,atayU+

0 0?
1/2 as? WV -1/2a3%u —
+1/2a3*VW + ap VBtV /2 as ,uatayVV,
2 2

9 9 9 9 9
A, = a2U=U41/2 0,2 -P—1/2 422 ——V+1/2 a;2(U)*+1/2 052U =W —1/2 a2 ——
4= 0 UgUil/2am P12 0 n g VL [2an” (U 41/2 a5 U W=1/2 05" g 5 W

+1/2a3%UV +1/2 as? <§tU> W+ 1/2 as? <§tU> V+1/2 a,@?U%V +1/2a3’UW+

d >0 , 02
+1/2 (dst(s)> anl/Q aj Mat(‘)xU'

1 On the metrics with vanishing scalar Invariants

For the metric (1), all scalar invariants constructed from the Riemann tensor and its
covariant derivatives are equal to zero. This circumstance forces us to use invariants
of another type - the Cartan invariants

K:=R{"i a j b}*R{"j ¢ 1 d}* m~{a}*n"{b}*mn"{c}*n"{d}
S:=R{a b}*R{c d} n{ a}*n{"b}*n{c}*n{"d}

As example

0 0 0
K = (U 20007 U000 004 (W00 ) (Vo) U 200)° W )

+ <3€;V(I, Y,z t)> (W(Ia Y,z t))2+(U(IE, Y, =z, t))Q %V(Iv Y,z t)+ <§TU(I, Y, % t)> (W(I’ Y% t))Q o
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-2 <882W($,y72,t)> U(x,y,z,t)W(m,y,z,t) -2 (iU(I‘,y,Z,t)) U(x,y,z,t)W(x,y,z,t)—

—2 (;;V(x,y,z,f)> Ulz,y, 2, )W (2,y,2,1)

Another way to study the properties of the NS system is to use the differential
parameters of Beltrami

If f(z') and h(z') are the functions of coordinates of the space then the functions
defined as

O0f O . Of Oh
Al(f): ”85_8757 Al(fvh):g”aj_%a
[ 7 1 J
2
Aa(f) = gL i L

0z, x; Y Oy,

In the case
f:w(mayvZ,t7n7p7mau,vavaa€7Xan)

from the Laplace-Beltrami equation

A() =0

in particular we find the equation

0? 0? 0?
( o2 F15) uP(x,y,z,t) — <8}92F15> Wz, y,z,t)w — <8p2F15> U(z,y,z,t)u—

i F15 ) V( z,t)p — - F15)U( z,t)p — —2 F15 v (V( z t))2—
9 2 x? y’ ) 52 x’y) k) f)Xz v m)y? )
— i F15 ) V(z,y,z,t)v — i F15 ) u(U(z,y, 2 t))2 — —2 Fi15 ) w(W(z,y,z t))2 —
ap? e e KR on? s

0? 02 02
(8 2F15> wP(x,y,2,t) — ((’9 2F]5) W(z,y,z,t)p — <8X2F15> vP(z,y, z,t)+

+ 872FZ5 w gV(z z,t)+ o Fi15 v aU(:r z,t)— o F15 | vU(z,y, 2, )V (z,y,2,t)+
8X27 uaz 7y7 ) 8527 Ha ’y?? 8527 y7 ’y7’

+ a—g F15 ) u 3V(Jc z,t)+ 8—2 Fi15 ) w gW(x z,t)+ G—QFL‘)' u 2U(ac z,t)—
8X27 uax 7y, ) 871/27 /’Laz 7y7 ) 8527 /’tax 7y’ )

2

0? 0
— (3)(2 F15) wU(z,y, z,t)V(x,y,z,t) — <8§2 F15> wU (x,y, z, )W (z,y, z,t)+

+ 872 Fi5 | v 2V(:U z,t) — 572 F15 | wV(z,y, z, )W (x,y, z,t)—
a 2~ /’L ay 7y7 ) 6X27 7y7 ) 7y7 )
(& F15 ) uU( HW( t) + > F15 EW( t)—
on a9~ uvir,y, z, T, Y, %, on2” up o T, Y, %,
2 ) 2 2

0 0 0 0 0
(8 2 -F15 | oV (z,y, 2, t)W(x,y,z,t)+<a€2F15) W &'U(x’y’z’t)+(8nzFl5> vl 6—yW(x7y,z,t)—

) ) ) 02
_F1 _F1 —_F1 _ —— _F15—
(an 5) (ag 5) (ax 5) 2 guay 10
82 82 82
a apat T "2 gua T T2 e, T =0

where _F15 = _F15((z,y, z,t,u,v,w,p, &, x,n)) and the relation of the form

(U =W 0, 00 PG = ( G000 500) ) Ul 0) =W 2,005V . 200)-
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0 0 0
—W(x,y,z,t)%U(x,y,z,t) - W(.’E,y, Z,t)%W(.f,y,Z,t) + <azv(x7yaz7t)> U(a:,y,z,t)—F

A LWy zt) ) Uy, 2.1, (2)
(e e20)

when
,ll)(x7 y’ Z7 t’ 7]7 p? m? u7 U? w’p7 g? X’ n) = A(x7 y’ Z7 t’ p)einigimini)(7p'

With the help of the condition (2) we find as particular case the system of equations
1.

2

02 92 0 2
(622¢($»y721t)) @W%%ZJ) - <83;8z¢($’y72’t)) + F(z,2,t =0,
o3 o3 0 o3 o3
M;QS(LZ/’th)eréb(I,1/72,75)*(82¢(5177y72,t)) <W¢(x,y,z,t) + mgﬁ)(m,y,z,ﬁ)) -
0 03 o3
- (am(ﬁ(l‘vgﬁzat)) (ax282¢(x7yazvt) + M¢(m7yaz7t)) -

o4 o4 o4
—p (W¢(m7yaz7t) +2 m¢(x7yuz7t) + 8z4¢(x’y’z’t)> —

o4 o*
Sy — )+ ——— t)) =0
i (G 0320 + ool z.0)) =0
which give as the solution
y—ax+at—tK(z,t)sin(t™!)

t2 ’

Uz, y,2,t) =

y— 2z +yt — tK(z,t) (sin(t™!) + cos(t™1))
t2 ’

z

W(‘rayvzat) = _zga

V(:’E7 y’ ZVt) =

depending from solutions of the Heat equation

0 02 Z%K(z,t)

This metric belongs to the class of partially-projective spaces and their Cartan-
Invariants, ' ‘
C=R("ajbR{ cidA*A*A°A?,

where A’ 14D-vector constructed on the basis of the Riemann curvature C = R(aj b)
of the space can be used in theory of the NS-equations.

2 On the limit cycles and strange attractors

From the Euler system p =0
94 (v-9)V+¥P@=0, V.-¥=0
at 9 )

after substitution
U(f, t) = Al (t).’E + A2(t)y + Ag(t)z, V(f, t) = Bl (t)a? + Bg(t)y + B3(t)2,
W(Z,t) = Ci(t)x + Ca(t)y + Cs(t)z, Ba(t) = —A1(t) — C3(1)

we get the conditions on the coefficients

d d
@Ag(t) =—B; C3+ A5 C3 — A3 Cy + £B1(t) + Bs (Y,
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d d
%B:}(t) =C1 Ay —B; As + Bg A; + ace(t) - Cp Ay,

d d
acz(t) =A; A3+ Ay Bg—i—%A:?(t)‘*‘ C3As—Ci Ay — Cy By — Cs Cy. (3)

In special case these relations take the form

d
—A2(t) =4ap C1?+(4as Bs + (3a; — b)) As) Ci4+(2all — by 2) Ap®+(3a12 — 2b22) Ay Bs+4 a22 Bs?,
d

(t)=4b_0 C;2+(4b_1 Ay + (3bs — a;) Bs) C;+(2b22 — a12) Bs>+(3b12 —2a11) Ay B3+4 011 A2,

a5
(4)

d

- Ci (t) = (—a; — bs) C1% 4+ (=222 — a12) C; By + (=b12 —2all) A C,
The system (4) is the projective extension of the polynomial system
(t)=a0 + al x4+ a2y + all 2* 4+ al2 zy + a22 y>,

am

d
Y& = b0+ blw+ b2y + b1l x4 012 zy + b22 Y2
It has the limit cycles at the special choice of parameters a;, b;,a(ij),bcij) (the numbers

of the limit cycles in this system- is unsolved up to this time Hilbert-problem!!!)

Remark that the reductions at the R
ossler system with limit cycles

G As(t) = ~Bs(t) — Cut), 5 Bs(t) = aBa(t) + As(h)

%oz (1) = Oy () (Aa(t) — ) + B,

and at the Lorenz system
d d
%Ag(t) =0 (Bg(t) — Ag(t)), %Bg(t) = —Bg(t) — Ag(t)01 (t) + TAg(t),

%01 (t) = —=bCy (t) + A5 (t)Bs(t)

The case of full the NS-system p # 0 is a more complicate.
As example in the case when the components of the velocities are of the form

(V.V. Pukhnachov, 1972)

0
V(x7y7 Z5t) = %H(‘T"’ y)z7 t)? W(x7y7 Z7t) = W‘l (y7 t)7 P(x7 y’ Z7t) = P‘Z (y? t)’

U(l'vya Zat) = —%H($7y, th)a

properties of the flows depend from the solutions of the function H(z,y, z,t) satisfying

to the PDFE

2 N\ #» N\, o

Oydz ot20y
»® N, B R B
-2 (ayzazﬂ(m) " M,H<x’t>+<ayaﬂ(f>t>) M oy T~
o 2/ 92 29 02 S o?
— | —H(Z H(Z —H(Z H(Z H(Z H(Z,t)—
(510 (55e@0) gttt + (Gztten) (o HED) joa- D

3 * 08 02 e , 0
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83
; <8y8t8z

0
_<833H

0
_(axH

82
H (ayazH
. o*
120 (5.
0? 03
. H(7 t7
(x,t)) (ayaz (x,tm,t)) <8y28zH

S o?
H(Z, t)) 73y8x8yH

82
e (8y6z
_ (;xH
+ (aae) (5
e (ayQaz > (54
)

24 <ay26 <

+2 (3y25‘z
02 )
H(z = s
@) (gya:71@0) (5,7
82
+ <8y82
- 0?
(@ t>> <3y3
+u (
2
- o
0? . o4
+ (ayﬁzH(x’t)> (8y332

S 02
+2 <ayQazH(x,t)> (ayazH

(0
ox

0
+ <8$H

0
(o

H(E t)> ( L
’ Oy0z
HED) g
ayaa 1 @ t)> a angazH
8ygi3,zH @, t)> (a;);zH
) (L
@) (52

) (2

. 0 . 0?2
@0) (g t@0) jomt
. o . O i ? g .

. ok . 02 . 3
(x’t)_<8y8t82H(x’t)> (8y82H(x’t)> /“‘Laiyg
S 0?
H(x,t)) (5‘y32H
70 ot
- 9 iz 0
@) (469) 75"

S o3
(%@) ﬂmH(%t)_

(Z,t)+

H(Z,t)—

o o

(Z, t)> 1 MH@ t)+<6y3taz
(Z, t)) af;yH(f, t)—p ( aj;ZH
H(Z, t)) ( 8523621&1

H(m,y,z,t)) (ayz;ﬂ(f, t)) “angay
wen) (Lnen) 2,
(f,t)) <{Z/H(f,t)> aj;yH
) ()
(Z,t)+2 (8;;1{(5, t)) (85;11(:6, t)) ;ﬂayiH

(

H(z,y,z,t)+2 <aaxH(i"’, t))

(f7t>_

H(Z,t)—

(Z, t)) (agaz H(Z, )+

82
) 0xdy
- 82 o3 S 0?

H(, t)) ( 8581{

84
(m,t)) " 904202

S ok
@, t)) 8y8x8yH

H(Z,t)+

(%, t)+

83
— 27
(x,t)) a 020y0z
" 9?

. 0° .
<x,t>) S+

84
H(f,t)) (WH
o) (o
ajng (& ”)2 <a§2yH
@) (5
@) 1 g HE

34
7t R
@0)) 1 5 H

(Z,t)+

H(Z, t)) %H(f, )+

0) (Lnten) Lo
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-3 < 0 H(:E,t)) ( o H(:E,t)) ( > H(:E,t)) ua—BH(f,tH
Ox OyOz Oy20z o3
+2 4 (%H(f,t)) (aj;ZH(f,t)> <£/H(f,t)> aygiayH(f,t)+2 (ajgzﬂ(f,t)yuayf;ay;](f,t)_
2 (aj;zH(f’ ”)2 (aiH(f’ t)) ayg;yH@ ﬂ-(aj;zH(i t))2 (;;xH(f, t)) ;;H(:E,y,z,t)—f—
+ (%g;zH(f, t)> (a(ZZZH(f, t)> af;yH(f, t) + <£;H(f, t))QMaZai:;ﬂzH(f, t)+
+ (aj;zH(f’ t)>2 (ng(f, t)) c‘mZiayH(f’ t)—
- (ai;H(f, t))Quzazg;azH(f, t) - (aing(f, t))2u28y2gz28y}l(f, t)—

02 2L g 2 o2
- (ayazH(x,t)) 7 a—y5H(x,t) +2pu ((WH(z,t)) atayH(z,t) =0.

This equation admit reduction at the ODE of the form

((0®) @) (09) ()(e) - Dne) (D) (t1)©) " (0©) )ie)-

=3 (D®) (H1)(¢) (DW) (H1) () (DD) (H1)(€)+

3

+((p9) (1)©) D) (D) (i) + 2 (0¥) (HD(©)

(02 (@) (0@ (Hny©k — (09) (H1)©)” (D) (H1) Ok =0,

where £ =z +y+ 2z — kt.
Solution of this equation is expressed throw the second order ODE

=0 (5)

3 Lorenz system

The system
y=re—y—xz, z=ay—bz, z=o0(y—2x),
is reduced to the second order ODE

y/2 _ 5}
y' =37 (ay—a )y + ey’ + —y* —yy® = B2y’ = B2y’ =0,

where

o+1) b(r —1)

b+o+1 _i _b(a—|—1) 5_( .
) - 3 - 2 :

o2 o o

The equation (5) after change of variables looks as
2
d? (Ly(z)) 1 d 1 y?
—y(x)—3 e 5— — )y—a ') —ylx)—(—4z+2p )y +(10-3 — ) y®+3 %= =0.
daszy(x) y +(< $H>y x )dxy(x) ( r+2p )y+ o Yo+ -
This equation has the invariant form

d? 2

3
favte) +at @) (o)) +3a2(e) (@) +30300) 1 0(o) + ad () =0
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under change of the variables x = z(u,v), y = y(u,v) and has the invariants
Nu (m+5)—L1gNu m—LQENu m + mNu m(ELQ(x )—EL 1(z,y))
- T oy T Oz B Pt 8y7’y’

constructed from

0 0 0 0
Nu b =1L_2 (LI %L,Q(I,y) - L2 %L,I (x,y)>+L1 (L2 8—yL,1 (x,y) — L_1 ay])?(x,y)) -

—al(x,y)L_1° +3a2(x,y)L_1°L_2 — 3 a3(x,y)L_1 L_2* + af(x,y)L_2°,

where
L1 = a—2a4 (z,y)+3 2aQ(m ) ) af(z,y)+3 a2(x )2a4 (z,y)—2 i a3 (z )+8—2a2(x )—
= gy gy 2@y Y W), “ @ y)=2 5 a3 (@ y)+ 5 5 a2(ny

0 0 0 0
—2a4 (x,y)%al (z,y) —al (w,y)%M (z,y) — 3a3(z,y) (2 afyaé’(x,y) - &EaQ(fc,y))
and
LQ—a—z 1(z,y)-3 Q 1(z,y) ) a8(z,y)—3 al( )2 3( )+8—2 3(x,y)—2 ’ 2(x,y)+
= gzl (@:y 9: ¢ (@) | a3(@,y)=3al (2, y) 5o a3 (@, y)+ 5 a3 (@,y) =2 5 5 a2(w,y

(et ot + 201 ot =3 02(e) (oo =2 5020w ).

As example, in the Lorenz case

Nu_5 = Az +

C
7212 T

A=af(10a—a®>—-66), B=a(4/9a>+2/3as—26%),
C=a(2/9a"+6e6 —dae—ya?),

where
aib—i—o—i—l 1 blo+1) (c+1) b(r—1)

= a5:§77: ) 75: = y €= o2

g

4 Toroidal vortex in viscous liquid

Following system of equations

d? & d? d ?
d? d d 5 d 2
Zx@‘/(x) - U(x)%V(w)—kV(x)%U(x) =0, 4z ﬁG(x) +(V(z))"=0
describes axial symmetric motion of viscous liquid
_nU() _ o hzgpU() . p2V2V(2) _d o, U@)?
V_or= ma V_z=-2 JE V _phi = T , B(x)= de(os) 1/4

22G(2)\
P=P0+2u* (B(x)—? 72 )R 2
where U, V, B, G-are unknown functions of coordinate z = r?/R). (S.N.Aristov,2001)
Given system of equations admits the reduction at the second order ODE of the
form

2

3 2
favte) +at @) (o)) +3a2(e) (u@)) +3030) 1 ulo) + ad(a) =0
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with the coefficients

al(z,y) =0, ag(x,y):_1/3%7
y(x—1)(yx—1)

a2(x,y) =—-1/3 ot 1

)

yQ (y+2yac+:c3y3 +2;c2y2 —&—yxg +2y2x3+2$4y3+3)
yr+1

a4(z,y) =1/3
and so it properties may be investigated by the help of Liouville-Tresse-Cartan in-

variants
What is of corresponding dynamical system

y=M(z,y,2), 2= N(z,y,2), & = L(z,y,2)?

is open question.

5 2D-Hydrodynamic

Let us consider the equation describing 2D-flows of incompressible liquids

0 0 0 0
Ay 20) = (Gevtenat) ) gm0+ (g btem0) 5EAwy. 20~

ot
0? 9?2
—H (ang(xa%Zyt) + 8y2A(x7yvz7t)> - 07
where
2 2
Alz,y,2,1) = 5502y, 2.) + 9y 2= ¥(@,y, 2, 1),

and

9] 0
U(%th»t) = @w($7yat)7 V(%,’%Zat) = —%7/)(1“7%&7 W(%?J’th) = 0.

In particular case we get the p.d.e.
0 o? 0 o? 0 o3 0 o?
<8$A($,y)> MA(x,y)—k(axA( )> dy a3 Az, y)— <On,yA(35,Z/)> WA(%Z/)—<&UA($,Z/)> m!‘l(%y)‘F

84A o A 84A
+u e (%Z/)+2m ($’9)+8y4 (z,y) ) +=0.

after transformations of the form

0 Dz, T) 0 0 (Lv(z,7)) Zulz,7)
— A _ Ot "\" "/ A - _ \oz ) or )
8y (I‘vy) %U(.’I},T) 5 81' (CC>y) axu(-T’T) %U<x’7)

and their extensions to higher order derivatives A,,, A.,, Ay, and so on... we obtain
an indefinite partial differential equation with respect to the functions

F(%%uz,uy...vx,vy...) =0,

with the help of which particular solutions of the original equation for the function
A(z,y) are constructed.
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6 New exampel of flow
Following exact solution of the NS-equations
P(z,y,z,t)=—-1/22* — _C32% + (—5y* +42® — _C6 — 1/2_C3* + 3) 2%+

+(4-C32% —5_03y*— _C6.C3 —2_C7y+3_C3)z—9/2y*+
+(—202% —1/2_.C3* —3_C6 +9) y* + (—-C7 _C3+
+8za2y — 8at +(4_C6 —12)2® —1/20a2 + _F3 (1),
U(z,y,2,t) = Cly—8xy+ _C2,
Vi(x,y,z,t)=_Cla+ _C8z—4x>+3y>+22+_C9 -3,
W (x,y,2,t) =22y + _C3y + G,

describing the flow of incompressible liquid with parameters may be used to the
further consideration...

REFERENCES

1. Dryuma V.S., The Riemann and Einstein geometries in the theory of ODE’s, their appica-
tions and all that, New Trends in Integrability and Partial Sovaability., Kluwer academic
Publisher(A.B. Shabat at al.(eds.), 115-156 (2004).

2. Dryuma V.S., On spaces related to the Navier-Stokes equations, Buletinul Academiei de
Stiinte a Republicii Moldova., Matematica, 3(64), 107-110 (2010).

3. Dryuma V.S., The Ricci-flat spaces related to the Navier-Stokes equations, Buletinul
Academiei de Stiinte a Republicii Moldova., Matematica, 2(69), 99-102 (2012).

4. Dryuma V.S., Homogeneouse extensions of the first order ODE’s, Internationl conference
” Algebraic Topology and Abelian Functions, 18-22 June, 2013, Moskow, Steklov MI RAS,
Abstrcts, 78-79 (2013).



