What's New in Maple 2017 * Maple

General solution option for PDEs and new
methods for solving PDEs with Boundary
Conditions

New options in pdsolve for users to ask for a general solution to PDEs and to know
whether a solution from pdsolve is general. Also, many more partial differential
equations with boundary condition (PDE and BC) problems can now be solved.

Vv New userinfo and generalsolution option in
pdsolve

For a PDE of order N in 1 unknown depending on M independent variables, a general solution
involves N arbitrary functions of M-1 arguments. Using differential algebra techniques, we have
extended pdsolve's capabilities to identify a general solution for DE systems, even when the system
involves ODEs and PDEs, algebraic equations, inequations, and/or mathematical functions.

The examples below show the new generalsolution option, as well as a new userinfo that displays
whether a solution that is returned is or is not a general solution. The examples are all of differential
equation systems but the same userinfo and generalsolution option work as well in the case of a
single PDE.

Example 1.

Solve the determining PDE system for the infinitesimals of the symmetry generator of example 11
from Kambke's book. Tell whether the solution computed is a general solution.

> restart : infolevel| pdsolve] == 3

=3 (1.1)

The PDE system satisfied by the symmetries of Kamke's ODE example number 11 is

mfolevelpdmlve :

R
> sys; = [% &(x,y) =0, % nix,y) —2 (% (x,y)) =0,3x")" (@ &(x,y)) a

62 az a r.n r.n a
+(2(% n(x,y)))—g (x,y)=0,2(§§(x,y))xy a—xy (5 n(x,
y))a+n(x,y)axyn +§(x,y)ax ry. 622 nxy) =0|:

y X ax

This is a second order linear PDE system, with two unknowns {n(x, y), &(x, y) } and four equations.
Its general solution is given by the following, where we now can tell that the solution is a general one
by reading the last line of the userinfo. Note that because the system is overdetermined, a general



solution in this case does not involve any arbitrary function

> sol; = pdsolve(sys])

-> Solving ordering for the dependent variables of the PDE
system: [xi(x,y), eta(x,vy)]

-> Solving ordering for the independent variables (can be
changed using the ivars option): [x, V]

tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta(x,yVy)
<- Returning a *general* solution
Cly(r+2)

n—1

,E(x,y)=_CI x} (1.2)

Next we indicate to pdsolve that n and » are parameters of the problem, and that we want a solution
forn # 1, making more difficult to identify by eye whether the solution returned is a general one.
Again the last line of the userinfo indicates that pdsolve's solution is indeed a general one

> sys; ;= [op(sysl),n + 1]

0
svs, = [iz Ex,») =0, % n(xy) -2 (i &(x,,w) =037y (- Emy) Ja ()

sol, = {n(x,y) --

dy dy
a yr n ron a
+2(a)% (x,y>)—(%&<x,y>)=o,2(g&(w))xy a—'y (5 nx,
y))a+ Neoy) ax'y'n  Exylaxry’ @ NGey) =0.n # 1

y X a’
> sol; ;= pdsolve(sysl_l,parameters ={nm, r})
-> Solving ordering for the dependent variables of the PDE

system: [r, n, xi(x,y), eta(x,vy)]
-> Solving ordering for the independent variables (can be
changed using the ivars option): [x, V]

tackling triangularized subsystem with respect to r
tackling triangularized subsystem with respect to n
tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta(x,yVy)
tackling triangularized subsystem with respect to r
tackling triangularized subsystem with respect to n
tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta(x,yVy)
tackling triangularized subsystem with respect to r
tackling triangularized subsystem with respect to n
tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general



solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta(x,yVy)
tackling triangularized subsystem with respect to n
tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta(x,yVy)
tackling triangularized subsystem with respect to n
tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta(x,yVy)
tackling triangularized subsystem with respect to xi(x,yVy)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to eta (x,yVy)
<- Returning a *general* solution

sdutz{nZLrZ—ﬁﬂﬂLy)=ytﬁ2x+3_CU,aLy)=xhﬁ2x+_CUL{nZAr (1.4)
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> map(pdetest, [sol”], sys”)
[[0,0,0,0][0,0,0,0],[0,0,0,0], [0,0,0,0],[0,0,0,0][0,0,0,0]] (1.5)

Example 2.

Compute the solution of the following (linear) overdetermined system involving two PDEs, three
unknown functions, one of which depends on 2 variables and the other two depend on only 1
variable.

> sys, = | — (iz F(r,s)j -I—% F(r, s) +% H(r) +% G(s) +s=0, i F(r,s)

or ?

or



[ & d d
+(2(6r6s F(r,s)))-l— o F(r s) i H(r) + s G(s) —r=0]:
The solution for the unknowns G, H, is given by the following expression, where again determining
whether this solution, that depends on 3 arbitrary functions, FI(s), F2(r), F3(s—r),isorisnota
general solution, is non-obvious.

> sol, = pdsolve(sysz)

-> Solving ordering for the dependent variables of the PDE

system: [F(r,s), H(r), G(s)]

-> Solving ordering for the independent variables (can be

changed using the ivars option): [r, s]

tackling triangularized subsystem with respect to F(r,s)

First set of solution methods (general or quasi general

solution)

Trying differential factorization for linear PDEs

differential factorization successful.

First set of solution methods successful

tackling triangularized subsystem with respect to H(r)

tackling triangularized subsystem with respect to G(s)

<- Returning a *general* solution

l'—{F( )= FI(s) + F2( +F3(—)—M G():_S_z_ d 1.6
sol, = r,s)= _Fl(s)+ F2(r) + F3(s—r T ,G(s 4 ( s (1.6)
7 d
_F](s)) + C2,H(r)=-—+— F2(r) +_C1}
4 dr
> pdetest(solz, sysz)
[0,0] 1.7)

Example 3.
Compute the solution of the following nonlinear system, consisting of Burger's equation and a
possible potential.

> sys; = [% u(x, t) + (2 u(x,t) (i u(x, t))) — i u(x,t) =0,

ox e
é% vix, t) = —-(v(x,ﬂ (-g% u(x,t))) +—(v(x,0 u(x,ﬂz),
0
a vix,t) =— (u(x, t) vix, t)) |:

We see that in this case the solution returned is not a general solution but two particular ones; again
the information is in the last line of the userinfo displayed

> sol; == pdsolve(sys3, [u, v])

-> Solving ordering for the dependent variables of the PDE
system: [v(x,t), u(x,t)]

-> Solving ordering for the independent variables (can be
changed using the ivars option): [x, t]

tackling triangularized subsystem with respect to v(x,t)
tackling triangularized subsystem with respect to u(x,t)
First set of solution methods (general or quasi general
solution)

Second set of solution methods (complete solutions)

Trying methods for second order PDEs

Third set of solution methods (simple HINTs for separating
variables)



PDE linear in highest derivatives - trying a separation of
variables by *

HINT = *

Fourth set of solution methods

Trying methods for second order linear PDEs

Preparing a solution HINT

Trying HINT = Fl(x)* F2(t)

Fourth set of solution methods

Preparing a solution HINT

Trying HINT = Fl(x)+ F2(t)

Trying travelling wave solutions as power series in tanh

* Using tau = tanh (t*C[2]+x*C[1]+C[0])

* Equivalent ODE system: {C[1l]"2* (tau”2-1)"2*diff(diff (u(tau),
tau), tau)+(2*C[1]"2* (tau”2-1) *tau+C[2]* (tau™2-1)+2*u(tau) *C[1]*
(taunr2-1))*diff (u(tau), tau)}

* Ordering for functions: [u(tau)]

* Cases for the upper bounds: [[n[l] = 1]]

* Power series solution [1]: {u(tau) = tau*A[l,1]1+A[1,0]}

* Solution [1] for {A[i, jIl, Cl[kI]}: [[A[1,1] = 0], [A[1l,0] =
-1/2*C[2]/C[1], A[1l,1] = -C[1]1]]

travelling wave solutions successful.

tackling triangularized subsystem with respect to v(x,t)
First set of solution methods (general or quasi general
solution)

Trying differential factorization for linear PDEs

Trying methods for PDEs "missing the dependent variable"
Second set of solution methods (complete solutions)

Trying methods for second order PDEs

Third set of solution methods (simple HINTs for separating
variables)

PDE linear in highest derivatives - trying a separation of
variables by *
HINT = *

Fourth set of solution methods

Trying methods for second order linear PDEs

Preparing a solution HINT

Trying HINT = Fl(x)* F2(t)

Third set of solution methods successful

tackling triangularized subsystem with respect to u(x,t)
<- Returning a solution that *is not the most general one*

C3
2 C2

sol; = {u(x, t)=- C2tanh( C2x+ C3t+ CI)— ,v(x, t) 20}, u(x,t)= (1.8)

1 -
) [ ¢, \\e _Cl—_(C2 ! 0 C3e C2

5 ,vix,t) = C3e °~ Cle
( [ ¢ x) -
e ') a1+ 2 e

> map( pdetest, [sol3], Sys3)

[[07 070]5 [05 050]] (1'9)

This example is also good for illustrating the other related new feature: one can now request to
pdsolve to only compute a general solution (it will return NULL if it cannot achieve that). Turn OFF



userinfos and try with this example

> infolevel[ pdsolve] =1 :

This returns NULL:

> pdsolve(sys3, [u, v], generalsolution)

Example 4.

Another where the solution returned is particular, this time for a linear system, conformed by 38

PDEs, also from differential equation symmetry analysis

0 0 0 0
> sys, = [E §xyztu) =0, o= &%y, 2 tu) — . S yztu)=0, 2= & (x 21

0

0 0 0
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nl(X,y,Za tau) _Oa ( 622 E,rz(xayazs tau)) + auay x yaZ l U éz x ya ”

&

_ & _ ﬁ .
t,u) =0, o &y, ztu) + oudy n, (%, zt,u) =0, o &y, z tu) + s

& i
n,(xyztu)=0, n,(xy,z tu)=0, Sy N, (%, z t,u) =0, o’ n,(x, ,

A
P L, I
Z, tau)_oa auaxaz nl(xayaza tau)_oa auayaz nl(xsyaza tsu)_os auazz nl(xayaza tau)
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There are 38 coupled equations
> nqps(gmu)
38 (1.10)

When requesting a general solution pdsolve returns NULL:
> pdsolve(sys o genemlsolution)

A solution that is not a general one, is however computed by default if calling pdsolve without the
generalsolution option. In this case again the last line of the userinfo indicates that the solution
returned is not a general solution

> infolevel[ pdsolve] == 3

in_]‘blevel}7 3 (1.11)

dsolve
> sol, = pdsolve(sys4)

-> Solving ordering for the dependent variables of the PDE
system: [etal[l] (x,y,z,t,u), xi[1l](x,y,z,t,u), xi[2](x,y,z,t,u),
xi[3]1(x,y,2,t,u), xi[4](xX,y¥,2,t,u)]

-> Solving ordering for the independent variables (can be
changed using the ivars option): [t, x, vy, z, ul

tackling triangularized subsystem with respect to etall] (x,Vv, 2z,
t,u)

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

-> Solving ordering for the dependent variables of the PDE
system: [ Fl(x,y,z,t), F2(x,y,z,t)]

-> Solving ordering for the independent variables (can be
changed using the ivars option): [t, x, vy, z, ul

tackling triangularized subsystem with respect to Fl(x,y,z,t)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

-> Solving ordering for the dependent variables of the PDE

system: [ _F3(x,y,2z), _Fd(x,y,2)]
-> Solving ordering for the independent variables (can be
changed using the ivars option): [x, vy, z, t]

tackling triangularized subsystem with respect to F3(x,y,2z)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to F4(x,y,z)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

-> Solving ordering for the dependent variables of the PDE
system: [_F5(y,z), _Fo6(y,z)]

-> Solving ordering for the independent variables (can be
changed using the ivars option): [y, z, x]



tackling triangularized subsystem with respect to F5(y,z)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to F6(y,z)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

-> Solving ordering for the dependent variables of the PDE

system: [ F7(z), F8(z)]
-> Solving ordering for the independent variables (can be
changed using the ivars option): [z, V]

tackling triangularized subsystem with respect to F7(z)
tackling triangularized subsystem with respect to F8(z)
tackling triangularized subsystem with respect to F2(x,y,z,t)
First set of solution methods (general or quasi general
solution)

Trying differential factorization for linear PDEs

Trying methods for PDEs "missing the dependent variable"
Second set of solution methods (complete solutions)

Third set of solution methods (simple HINTs for separating
variables)

PDE linear in highest derivatives - trying a separation of
variables by *
HINT = *

Fourth set of solution methods

Preparing a solution HINT

Trying HINT = F3(x)* F4(y)* F5(z)* Fo6(t)

Third set of solution methods successful

tackling triangularized subsystem with respect to xi[l] (x,vVy, z,
t,u)

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

-> Solving ordering for the dependent variables of the PDE

system: [ Fl(x,z,t), F2(x,z,t)]
-> Solving ordering for the independent variables (can be
changed using the ivars option): [t, x, z, V]

tackling triangularized subsystem with respect to Fl(x,z,t)
First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to F2(x,z,t)
First set of solution methods (general or quasi general
solution)



Trying simple case of
First set of solution

a single derivative.

methods successful

-> Solving ordering for the dependent variables of the PDE

system: [ F3(x,t),

First set of solution
solution)

Trying simple case of
First set of solution

tackling triangularized subsystem with respect to

First set of solution
solution)

Trying simple case of
First set of solution

_Fd(x
-> Solving ordering for the independent variables
changed using the ivars option):
tackling triangularized subsystem with respect to

t) ]

[t, x, z]

methods (general or

a single derivative.

methods successful

methods (general or

a single derivative.

methods successful

_F3(x
quasi general

_Fd(x
quasi general

(can be

t)

t)

-> Solving ordering for the dependent variables of the PDE

system: [ F5(x),

_Fo(x

) ]

-> Solving ordering for
changed using the ivars
tackling triangularized
tackling triangularized
tackling triangularized

the independent variables (can be
option): [x, t]

subsystem with respect to F5(x)
subsystem with respect to T F6 (x)
subsystem with respect to xi[2] (%, V,Z,

t,u)

First set of solution
solution)

Trying simple case of
First set of solution
First set of solution
solution)

Trying simple case of
First set of solution
First set of solution
solution)

Trying simple case of
First set of solution
First set of solution
solution)

Trying simple case of
First set of solution

methods (general or

a single derivative.

methods successful
methods (general or

a single derivative.

methods successful
methods (general or

a single derivative.

methods successful
methods (general or

a single derivative.

methods successful

quasi general

quasi general

quasi general

quasi general

-> Solving ordering for the dependent variables of the PDE

system: [ F1(t),

_F2(t

) ]

-> Solving ordering for
changed using the ivars
tackling triangularized
tackling triangularized
tackling triangularized
t,u)

First set of solution methods

solution)

the independent variables (can be
option): [t, z]

subsystem with respect to FI1(t)
subsystem with respect to F2(t)
subsystem with respect to 1[3](x,y,z,

(general or quasi general

Trying simple case of
First set of solution
First set of solution
solution)

Trying simple case of
First set of solution
First set of solution

a single derivative.

methods successful
methods (general or

a single derivative.

methods successful
methods (general or

quasi general

quasi general



solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

tackling triangularized subsystem with respect to xi[4] (x,vVy, Z,
t,u)

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

First set of solution methods (general or quasi general
solution)

Trying simple case of a single derivative.

First set of solution methods successful

<- Returning a solution that *is not the most general one*

[_CB (_C]() (emzf

2

S014 = nl(xayaza tau) =

o
P | P s e | P ey
+_c7) cos( | "o ==y 1) +_CI2 (_cm (/57
v ) (e () 4 o0) Lo ()

+_C7) sin(\/ - T 6T G t) +u eﬁxe/zye/zz (Clt+ C2x+ C3y

2

2

2
b oze 0] fanaew =27
2 2 2
L (2. cli=2 C3y22 C4z+2 Cinx , ( t+y2+z) 2\ g,
c3y
+ CISz+ Cly+ CI8 & (xyntu)=-—
2 2 2
L2 Cle=2 C2x—2 C4z+2 C17)y | (-r+x"+7) C3 L C2014

2 2

(1.12)



+ _Cl9z— Cldx+_C2LE&(x,y,zt,u) = -

2
2 2 2
L (=2 Clt—2 C2x—2 C3y+2 CI7)z (- +x +)) 4o oy
2 2 -
Clf
—_C]9y—_C15x+_C’23,§4(x,y,z,t,u)=— 5
2 2
L2 C2x—2 C3y2—2 C4z+2 CI7)t | (-x —yz—z) CI L 20y

+ C22z+ Cl6x+ C24

> pdetest(sol » sys4)

[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, (1.13)
0]

Example 5.

Finally, the new userinfos also indicates whether a solution is a general solution when working with
PDE:s that involve anticommutative variables set using the Physics package

> with(Physics, Setup)
[Setup] (1.14)

Set first 0 and Q as suffixes for variables of type/anticommutative

> Setup(anticommutativepre={Q, 8})
* Partial match of 'anticommutativepre' against keyword 'anticommutativeprefix'
| anticommutativeprefix={Q, A, 0}] (1.15)
A PDE system example with two unknown anticommutative functions of four variables, two

commutative and two anticommutative; to avoid redundant typing in the input that follows and
redundant display of information on the screen let's use PDEtools:-diff table and PDEtools:-declare

> PDEtools:-declare( Q(x, b 91, 92) )

Q(x, » 0, 62) will now be displayed as Q (1.16)

> g = PDEtools:-diff_table( Q(X, Y 91’ 92) )

q =table(symmetric, Physics/diff, [ ( ) = Q]) 1.17)
Consider the system formed by these two PDEs (because of the g diff table just defined, we can enter
derivatives directly using the function's name indexed by the differentiation variables)

> pde, = q 3 +qx’y, 0, —q, 0. 92=0
pde; =0 o +0 4 =0 ,4=0 (1.18)
1 2 1 2
> pde, = qel =0
pde, = Qel =0 (1.19)

The solution returned for this system is indeed a general solution

> pdsolve( [ pde,, pdez])

-> Solving ordering for the dependent variables of the PDE
system: [ F4(x,y), F2(x,y), F3(x,vy)]

-> Solving ordering for the independent variables (can be



changed using the ivars option): [x, V]

tackling triangularized subsystem with respect to F4(x
tackling triangularized subsystem with respect to F2(x
tackling triangularized subsystem with respect to F3(x
First set of solution methods (general or quasi general

' Y)
' Y)
' Y)

solution)

Trying simple case of a single derivative.
HINT = F6(x)+ F5(y)

Trying HINT = :F6(x)+_F5(y)

HINT is successful
First set of solution methods successful
<- Returning a *general* solution

Q= _Fl(x,y) Al + (_F6(x) +_F5(y)) 6 (1.20)

2

This solution involves an anticommutative constant A2, analogous to the commutative constants
_Cn where n is an integer.

Vv PDE&BC in semi-infinite domains for which a
bounded solution is sought can now also be
solved via Laplace transforms

Maple is now able to solve more PDE&BC problems via Laplace transforms.

Laplace transforms act to change derivatives with respect to one of the independent variables of the
domain into multiplication operations in the transformed domain. After applying a Laplace transform
to the original problem, we can simplify the problem using the transformed BC, then solve the
problem in the transformed domain, and finally apply the inverse Laplace transform to arrive at the
final solution. It is important to remember to give pdsolve any necessary restrictions on the variables
and constants of the problem, by means of the "assuming" command.

A new feature is that we can now tell pdsolve that the dependent variable is bounded, by means of
the optional argument HINT = boundedseries.

> restart .

Consider the problem of a falling cable lying on a table that is suddenly removed (cf. David J.
Logan's Applied Partial Differential Equations p.115).

> pde, == % u(x,t) = (% u(x, t)] —g:

v, == u(x,0)=0,u(0,7) =0,D,(u)(x,0) =0

If we ask pdsolve to solve this problem without the condition of boundedness of the solution, we
obtain:
> pdsolve( [pdel, ivl]) assuming 0 <7,0 <x,0 <c

SX

u(x,t)= 12 [g (ct—x)zﬁ(c‘tc_x) - (g F—2 invlaplace(e ¢ FI(s),s, t) 2.1)
2

C

SX
+—2in»daplace(e ¢ _}V](S),S,t) )]



If we now ask for a bounded solution, by means of the option HINT = boundedseries, pdsolve
simplifies the problem accordingly.

> ans| = pdsolve( [ pde, iv, ], HINT =b0undedseries) assuming 0 <70 <x,0 <c

g (O(t— %) (ct—x)z—cztz)

2 02

ans; ‘= u(x, t) = 2.2)

And we can check this answer against the original problem, if desired:
> pdetest( ans, [pdel, ivl]) assuming 0 <70 <x,0 <c
[0’ 07 07 0] (2'3)

V How it works, step by step
Let us see the process this problem is solved by pdsolve, step by step.

First, the Laplace transform is applied to the PDE:
> with(inttrans) :
> transformed PDE = laplace( (lhs — rhs) ( pdel), t, S)

2

transformed PDE = s laplace(u(x, t),t,5) —Dy(u) (x,0) —su(x,0) —c¢ (2.1.1)

&
P
laplace(u(x,t),t,s) + %

and the result is simplified using the initial conditions:

> simplified transformed PDE := eval( transformed_PDE, {ivl})

2
simplified transformed PDE := s laplace(u(x,t),t,s) — s é laplace(u(x,t),t,s)  (2.1.2)

4
S

Next, we call the function "laplace(u(x,t),t,s)" by the new name U:
> eq U:= subs(laplace(u(x,t),t,s) =U(x,s), simplified_transformed PDE)

eq U= s Ux,s) — e (% Ulx, s)) + f— (2.1.3)

And this equation, which is really an ODE, is solved:
> solution_U = dsolve(eq U, U(x, s) )

SX SX

solution U= U(x,s)=e  F2(s)+e ¢ FI(s)— -% 2.14)
s

Now, since we want a BOUNDED solution, the term with the positive exponential must be zero,
and we are left with:
SX

> bounded _solution U := subs(coeﬁ (rhs(solution_U ),e € ) =0, solution U )

SX

bounded solution U := U(x,s)=e ° FI(s) — % (2.1.5)
S



Now, the initial solution must also be satisfied. Here it is, in the transformed domain:
> Laplace BC := laplace(u(0,¢),t s) =0

Laplace BC := laplace(u(0,t),t,5) =0 (2.1.6)
Or, in the new variable U,
> Laplace BC U= U(0,s)=0

Laplace BC U:=U(0,s)=0 2.1.7)

And by applying it to bounded solution U, we find the relationship
> simplify(subs(x =0, rhs(bounded _solution_U) ) ) =0

3
_F1 (84&)36‘ —£ _ (2.1.8)
S
> isolate((2.1.8), indets((2.1.8), unknown)[1])
FI(s) =% (2.1.9)
S

so that our solution now becomes
> bounded_solution_U := subs((2.1.9), bounded solution U)

SX

c

bounded_solution U == U(x, s) = € 3 g _ % (2.1.10)
s s

to which we now apply the inverse Laplace transform to obtain the solution to the problem:
> u(x, t) =invlaplace(rhs(bounded solution U), s, t) assuming 0 <x,0 <70 <c

) G(r—%) (ct—x)2

g| -+ 2
u(x, t) = : ¢ (2.1.11)
V Four other related examples
A few other examples:
0 ) (&
> pde, = — u(x,t) =c | —5 u(x,t) |:
P ( n’ j
v, = u(x,0) =0,u(0,7) =g(t), Dy(u) (x,0) =0
> ans, = pdsolve( [ pde,, ivz], HINT = boundedseries) assuming 0 <70 <x,0 <c¢
ans, = u(x, t)=9(t—£)g( ”_x) @2.2.1)
c c
> pdetest( ans,, [ pde,, ivz]) assuming 0 <70 <x,0 <c
[0,0,0,0] 2.2.2)
_ 0 (. P _ .
> pde, == o u(x, t) =k (g u(x, t)) civy i =u(x, 0) =0,u(0,¢) =1:
> ansy = pdsolve( [ pdes, iv3], HINT = boundedseries) assuming 0 <0 <x,0 <Kk
ansy = u(x, t) =1 — erf[ —r ) (2.2.3)
2Vt Kk



> pdeteSi(dnSy [Pdey (iv3)2])

[0, 0] (2.2.4)
>a’-—i z—ki t) | iy, = 0)= 0,7) =A:
pdey = o u(x,t) (axz u(x, )).lv4~—u(x, ) =W u(0,7) =A:
> ans, = pdsolve( [ pde,, iv4], HINT =b0undedseries) assuming 0 <70 <x,0 <k
am::uugpq—x+Meﬁ(‘xj+x (2.2.5)
! 2JTVE
> pdetest(ans4, [ pde,, (iv4)2])
[0,0] (2.2.6)

The following is an example from David J. Logan's Applied Partial Differential Equations p.76:

0 0
> pdeg = o u(x,t) =§ u(x,t):

v =u(x,0)=0,u(0,1) =f(1) :
> ansg = pdsolve( [ pdes, ivs], HINT = boundedseries) assuming 0 <170 <x
f 2
£ UL e 4t—4 Ul
(i— un?l?

2/n

Vv More PDE&BC problems in bounded spatial
domains can now be solved via eigenfunction
(Fourier) expansions

The code for solving PDE&BC problems in bounded spatial domains has been expanded. The
method works by separating the variables by product, so that the problem is transformed into an ODE
system (with initial and/or boundary conditions), and for one of the variables it is a Sturm-Liouville
problem (a type of eigenvalue problem) which has infinitely many solutions - hence the infinite series
representation of the solutions.

> restart .

d Ul

anss = u(x, t) = (2.2.7)

Here is a simple example for the heat equation:

9 (2 .
o u(x,t) —k( " u(x, t)j :
vg=u(0,1) =0,u(lt)=0:

> ansg = pdsolve( [ pdey, iv ) assuming 0 < /;

> pde; =

[ee]

Z1 2
ansg = u(x,t) = : 1_C] sin( LY ) e ! 3.1
7Z =




> pdetest( ansy, [ pdey, ivé]);
[0,0,0] (3.2)

Now, consider the displacements of a string governed by the wave equation, where c is a constant (cf.
Logan p.28).

> pde, = 22_1‘2 u(x, t)=c2 (% u(x, t)]
v, == u(0,7) =0,u(l, ) =0:

> ans,: pdsolve( [ pde7, iv ]) assuming 0 < /;

72 Z2 72
ans, = u(x, s1n( Tx ) ( i (C——m) _ClI +cos(—c— nt ) _C5) 3.3)
722=1

/ /
> pdetest( ans., [ pde,, lV7]);
[07 07 0] (3'4)
Another wave equation problem (cf. Logan p.130):
> pdegy = ﬁz u(x, t) — (iz u(x, t)j =0:
of ox
iVS = M(O, t) :Os Dz(u) (X, 0) :05 Dl(u) (la t) :05 u(xa O) :f(x) :

> ansg = (pdsolve( [pdeg, ivg], u(x,t) ) assuming 0 < x, x < l);
ansg = u(x, t) 3.5

00 N
S i[z n(l+2_Z3)x)

7321l Jof(X) Sin( 21

’ .[Tc(l—i-Z_ZS)x) (cn(1+2_23)t)
ax | Sin 2] COS 2]

> pdetest( ansg, [pdeg, ivg[ 1 ..3]]);

[0,0,0,0] (3.6)

Here is a problem with periodic boundary conditions (cf. Logan p.131). The function u(x, ) stands
for the concentration of a chemical dissolved in water within a tubular ring of circumference 2 /. The
initial concentration is given by f'(x), and the variable x is the arc-length parameter that varies from 0
to2 /L

pde, = o u(x,t) (axz u(x, )).
ivy = u(0, 1) =u(21,1), D, (u )(o,z)=D< V(21 1),u(x, 0) =f(x
> ansy: pdsolve( [pdeg, lvg] t)) assuming 0 <x,x <21/

00 21
e o sm(Zi“de] i 22551
-0

3.7
Z5=1




21

f(x) cos( _Z5lrcx j dx] cos( _Z5lnx )] e
Jo

> pdetest( ansy, [pdeg, ivgl 1 ..2]]);

[0,0,0] (3.8)

The following problem is for heat flow with both boundaries insulated (cf. Logan p.166, 3rd edition)

0 0
> pde;, = —— u(x,t) =k (g u(x, t)) :

ot
v,y = D;(u)(0,2) =0,D,(u) (L, £) =0, u(x,0) =f(x) :
> ans;, = pdsolve( [pdem, ivm], u(x, t)) assuming 0 < x, x < /;
k2 272

N

2

. 2 [ Sf(x) cos( _Z7Inx ) dx] cos( _Z7lnx ) e !
Y0

ans;, ‘= u(x,t) = Z 3.9
77=1 !
> pdetest(ansm, [pdem, vyl ..2]]);
[0,0,0] (3.10)

This is a problem in a bounded domain with the presence of a source. A source term represents an
outside influence in the system and leads to an inhomogeneous PDE (cf. Logan p.149):

> pde,;, = % u(x,t) — (iz u(x, t)) =p(x,t):
of ox
iv;; == u(0,1) =0, u(n, t) =0,u(x,0)=0,D,(u)(x,0)=0:
> ans;; = pdsolve( [pde”, ivu],u(x, t));
ans;; ‘= u(x,t) = (3.11)

¢

o 2 [‘ p(x, t1) sin(_Z8x) dx] sin(_Z8x) sin(c 28 (1—11))

) —

Z8=1 T Z8c

drtl

70
Current pdetest is unable to verify that this solution cancels the pde, , mainly because it currently fails

in identifying that there is a fourier expansion in it, but its subroutines for testing the boundary
conditions work well with this problem

> pdetest BC := ‘pdetest/BC":
> pdetest_BC( {ans” }, [iv”], [u(x, 1) ]);
[0,0,0,0] 3.12)

Consider a heat absorption-radiation problem in the bounded domain 0 < x <2,¢ > 0:

> pde,, = E u(x,t) =§ u(x,t) :



v, =u(x,0) =f(x), D, (u)(0,7) +u(0,7) =0,D,(u)(2,1) +u(2,7) =0:
> ans;, = pdsolve( [pdelz, ivlz], u(x, t)) assuming 0 <xandx <2,0 <¢

© 2
ans;y == ulx, () = =<2 4| D { f(x) sin( Lonx ) dx sin( Lomx ) + (3.13)
2 z9=1| |, 2 2
2 ) 2 792
( f(x) cos( LImx ) dx cos( LImx ) 4
), 2 2

> pdetest( ans,,, pde,; 2) ;
0 3.149)
Consider the nonhomogeneous wave equation problem (cf. Logan p.213, 3rd edition):

> pde;; = u(x,t)=Ax+ % u(x,t) :

il
o
;3 =u(0,2) =0,u(1,7) =0,u(x,0) =0,D,(u)(x,0) =0:

> ans;; = pdsolve( [pdeB, ivl3]);

ans;; = u(x,t) = (3.15)
1

1. 24 [, xsin(n_Z10x) dx) sin(n_Z10x) sin(n_Z10 (¢ —11))
70

z dtl
ZI0=1 n_Z10
‘o
> pdetest BC({ans;}, [iv;3], [u(x, 1) ]);
[0,0,0,0] (3.16)

Consider the following Schrodinger equation with zero potential energy (cf. Logan p.30):
2 (P
j [ L o )
ax .
(2m)

0
> pde;, = 1Ih (5 Sfx, t)) =—
v, =1(0,0)=0,f(d, t) =0:
> ans;, = pdsolve( [pdeM, ivM]) assuming 0 < dj;

—% he 71124

S Z11 o
ans,, = f(x,0= >, CI sin(——nx) e “m 3.17)

ZIl=1 d

> pdetest(ans,,, [ pde;, iv,]);
[0,0,0] (3.18)



v Another method for linear PDE&BC with spatial
initial conditions
This method is for problems of the form
o w=M, w(xl.,O) =f(xl.)
or

22_2‘2 w=M,,  w(x,0)=f(x), (% W)

where M is an arbitrary linear differential operator of any order which only depends on the spatial
variables (xl.).

Here are some examples:

0 0>
2, 1,x2 — 1, x2
> pde;s = w(xl, x2,x3,t) — (6x26x1 w(x,x,x3,t)j (6x36x1 w(x,x,xj’,t))
( w(xl, x2, x3, t)j + 3 a2 w(xl,x2,x3,t) =0:

V5 = w(x] x2,x3,0) —xI°x2x3:
> pdsolve( [pdel5, lvl5])

3 x2x3 t 2t (x24+x3) x! 2)
o b t 4.1
wi(xl,x2,x3,t) =20 x1 (( 20 2O)xl+ 4 + “4.1)
> pdetest( %, [pde”, iv15]);
[0,0] (4.2)
Here are two examples for which the derivative with respect to t is of the second order, and two
initial conditions are given:
> pde,, = gz—tz w(xl, x2,x3,t) = 6x262('ix1 w(xl, x2,x3,t) + %3 axl w(xl, x2,x3,t)
+ % w(xl,x2,x3,t) — ( 3 a2 w(xl, x2, x3, t)) :
v = w(xl,x2,x3,0) —xI’x2 +x3,D,(w) (x1,x2,x3,0) =— (x2x3) +xI:
> pdsolve( [pdew, ivm])'
w(xl, x2,x3,t) —xPPx24+x3—tx2x3+txl +37xPx2 + é r—+ ; i x1 4.3)
> pdetest( %, [pdelé, ivl6]);
[07 0: O] (4'4)

wi(xl, x2,x3,t) =

w(xl, x2,x3,t) +

> pde;, == — w(xl, x2,x3,t)

or

+ iz w(xl, x2,x3,t) — (
ox3

2 0x/ 3 ox!/

3 a2 w(xl, x2, x3, t)) :



iv,, = w(xl,x2,x3,0) =xI’ x3* +sin(x1), Dy(w) (xI, x2,x3,0) =cos(x]) —x2x3:
> pdsolve( [pde”, iv]7]);

t4 x/ 3

+AxP +3ExPx3+xPx3* + % —tx2x3 +cos(x]) t+sin(x]) (4.5)

w(xl, x2,x3,t) =

> pdetest("o, [pde”, ivl7]);
[07 03 0] (4'6)

Vv More PDE&BC problems solved via first finding
the PDE's general solution.

The following are examples of PDE&BC problems for which pdsolve is successful in first
calculating the PDE's general solution, and then fitting the initial or boundary condition to it.

> pde,;g = % u(x,y) + % u(x,y)=0:

) sin(y)
y
If we ask pdsolve to solve the problem, we get:
> ans;g = pdsolve( [pdelg, ivlg]);
sin(-y+Ix)+ F2(y—1x) (y—Ix) + (-y+1x) F2(y+1x)

v;g==u(0,y

ans;g = u(x,y) = S+l (5.1
and we can check this answer by using pdetest:
> pdetest( ans g, [pde18, iv]8]);
[0,0] (5.2)
V How it works, step by step:
The general solution for just the PDE is:
> gensol = pdsolve(pdelg);
gensol == u(x,y)=_FIl(y—1Ix) + F2(y +1x) (5.1.1)
Substituting in the condition iv, s, we get:
u(0,y) = L“y(ﬂ (5.1.2)
> gensol with_condition := eval(rhs(gensol),x=0) = rhs(ivl 8);
gensol _with_condition == FI(y) + F2(y) = sin(y) (5.1.3)

y

We then isolate one of the functions above (we can choose either one, in this case), convert it into
a function operator, and then apply it to gensol

> Fl=unapply(solve((5.1.3), FI1(y)),y)

_FI= (y o - A2y = sinly) ) (5.1.4)
y

> eval(gensol, (5.1.4))

u(x,y) = - F2(y —Ix) (yy—_I)IcL—i-sm( -y +1x)

+ F2(y +1x) (5.1.5)



V Three other related examples

> pdeyy = % u(xy) + (% [% u(x,y))j -0
Vg = u(O,y)=LnJEL):

> pdsolve( [pdew, ivw]);

u(x, y) :1(2sin(-y+w27x) +(-1V2 x+2y) _Fz(y— L2 x

Iﬁx—2y
+(I\/7x—2y) _F2(y+

> pdetest( %, [pdew, ivlg]);

)

[0,0]
> pde,, = % u(x,y) + (% [% u(x,y))) =0:
vy = u(x,O)ZSin%:

> pdsolve( [pdezo, inO]);

u(x,y) =

Iﬁ)lc—2y(
e R )

> pdetest( %, [ pde,,, Vy])s

> pde,, := — u(rnt) +
2! o’ r 7

v, =u(3,1) =sin(61¢) :
> ans,; = pdsolve( [ pde,, ivy;]);
ans,; ‘= u(r,t) =-_F2(-21In(3) +1In(r) +¢) +sin(-61In(3) +6IIn(r) +61)
+ F2(-IIn(r) +10)
> pdetest(ans,;, [ pde,;, vy, ]);
[0,0]

Vv More PDE&BC problems are now solved by
using a Fourier transform.

> restart .
Consider the following problem with an initial condition:

u(x,t) :i u(x, t) +m:

> pde,, = —
Paey; ot o

(5.2.2)

sinh( ﬁ(lgx_zy) )ﬁ—(lﬁx—zy) [_FZ(—y (5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)



vy, = u(x,0) =sin(x) :

pdsolve can solve this problem directly:
> ans,, = pdsolve( [pdezz, inz]);

ans,, = u(x, t) =sin(x) e +mit 6.1)

And we can check this answer against the original problem, if desired:
> pdetest( ans,,, [pdez2, iv22]);
[0,0] (6.2)

V How it works, step by step
Similarly to the Laplace transform method, we start the solution process by first applying the
Fourier transform to the PDE:
> with(inttrans) :
> transformed PDE = fourier( (lhs — rhs) ( pdezz) =0, x, s);
transformed PDE = -2 mmd(s) + % fourier(u(x,t), x,s) + szfourier(u(x, t),x,s) (6.1.1)
=0
Next, we call the function "fourier(u(x,t),x,s1)" by the new name U:
> transformed PDE U := subs( fourier(u(x,t), x, s(% =U(t,s), transformed PDE);

transformed PDE U := -2 mmd(s) + o Ult,s) + 5 U(t,s) =0 (6.1.2)

And this equation, which is really an ODE, is solved:
> solution_U = dsolve(transformed PDE U, U(t,s));
21

solution U= Ul(t,s)=(2mmnd(s)t+ Fl(s))e (6.1.3)
Now, we apply the Fourier transform to the initial condition iv,,:
u(x,0) =sin(x) (6.1.4)
> transformed IC = fourier(ivzz, X, S);
transformed_IC = fourier(u(x,0),x,s) =In (-8(s —1) +8(s+1)) (6.1.5)

Or, in the new variable U,
> transformed IC U = U(0, s) =rhs(transformed IC);
transformed IC U := U(0,s) =Im (-8(s—1) +8(s+1)) (6.1.6)

Now, we evaluate solution U at t =0:
> solution_ U at IC = eval(solution U,t=0);
solution U at IC := U(0,s)=_FI(s) (6.1.7)

and substitute the transformed initial condition into it:

> eval(solution U at IC, {transformed IC U});
It (-8(s—1)+8(s+1))=_Fl(s) (6.1.8)

Putting this into our solution U, we get
> eval(solution U, { (rhs =1hs) ((6.1.8)) });

Ult,s) = (2mmd(s) t+1m (-8(s—1) +8(s+1))) e (6.1.9)

Finally, we apply the inverse Fourier transformation to this,



> solution = u(x, t) = invfourier(rhs((6.1.9)), s, x);
solution = u(x,t) =sin(x) e '+ mt¢ (6.1.10)

Vv PDE&BC problems that used to require the
option HINT = "+ to be solved are now solved
automatically

The following are two examples of PDE&BC problems which used to require the option HINT = "+
in order to be solved. This is now done automatically within pdsolve.

0 il
— u(nt) (_2 u(r, l‘)j
> pde,; = ﬁ u(r,t) + ( o ) + or =0:

o r P
wy; ==u(l, 1) =0,u(2,t)=5:
> ansy; = pdsolve( [pdez3, iv23]);

ans,; = u(r,t) = (7.1)

> pdetest( ans,;, [pde23, iv23]);
[0,0,0] (7.2)

iy 0>
> pde,, = ? u(x,y) +§ u(x,y)=6x—6y:

v, = u(x,0) =x + (11x) + Lu(x,2) =x + (11x) =7, u(0,y) ==y + 1, u(4,y) =—y’
+109 :
> ans,, = pdsolve( [pde24, iv24]);

ans,, = u(x,y)Zx3 —y3—l—11x+1 (7.3)

> pdetest( ans, ,, [Pdezzp iV24] );
[0,0,0,0,0] 4



