Physics

Maple provides a state-of-the-art environment for algebraic computations in Physics, with emphasis on
ensuring that the computational experience is as natural as possible. The theme of the Physics project for
Maple 2022 has been the consolidation of the functionality introduced in previous releases, including a

significant speed-up across the package and significant enhancements in the areas of Particle Physics,
Functional Differentiation in general relativity, and Integral Vector Calculus.

As part of its commitment to providing the best possible computational environment in Physics,
Maplesoft launched a Maple Physics: Research and Development website in 2014, which enabled users
to download research versions of the package, ask questions, and provide feedback. The results from this
accelerated exchange have been incorporated into the Physics package in Maple 2022. The presentation
below illustrates both the novelties and the kind of mathematical formulations that can now be
performed.

The StandardModel package

StandardModel is a Physics's package that implements computational representations for the
mathematical objects formulating the Standard Model in particle physics. The package includes field

representations for the leptons and quarks of the model, as well as for Weinberg's angle, the Higgs
boson, and the fields and field strengths after breaking symmetries and most of the fields before that.
Loading the package sets things to proceed computing with the model.

> with(Physics) : with(StandardModel)

Setting lowercaselatin_is letters to represent Dirac spinor indices
Setting lowercaselatin_ah letters to represent SU(3) adjoint representation, (1..8) indices
Setting uppercaselatin_ah letters to represent SU(3) fundamental representation, (1..3) indices
Setting uppercaselatin_is letters to represent SU(2) adjoint representation, (1..3) indices

Setting uppercasegreek letters to represent SU(2) fundamental representation, (1..2) indices

(§
Defined as the electron, muon and tau leptons and corresponding neutrinos: e },Lj ’cj, V( )., V(u).}

J J
(1)
J
Defined as the up, down, charm, strange, top and bottom quarks: u] 4 cj’ 4 t] 4 dj, 4 s] 4 bj’ y

Defined as gauge tensors: B, B, A ,F W W W W+ W w7,
L T N VY wJoowv,J u W, v u wLvoou

z ,G ,G

nv  Ma WV, a

Defined as Gell-Mann (Glambda), Pauli (Psigma) and Dirac (Dgamma) matrices: Xa , 0, Yu

Defined as the electric, weak and strong coupling constants: g,, g , g



Defined as the charge for 1) the electron, muon and tauon, 2) the up, charm and top, and 3) the

2 1
down, strange and bottom: q,=—1gq,= 39Ty
Defined as the weak isospin for 1) the electron, muon and tauon, 2) the up, charm and top, 3) the
1 1 1 1
down, strange and bottom, and 4) all the neutrinos: l( = - X /” = X l(/ = - 5 = X

You can use the active form without the % prefix, or the 'value' command to give the corresponding

value to any of the inert representationsq , q ,q,, 1,1 1,1,

Default differentiation variables for d , D _and dAlembertian are: {X= (x,y,zt)}

Minkowski spacetime with signatre (- - - +)

[l(/, /(, /”, /H, 9,954, BField, BFieldStrength, Bottom, CKM, Charm, Down, ElectromagneticField, (1)
ElectromagneticFieldStrength, Electron, ElectronNeutrino, FSU3, Glambda, GluonField,
GluonFieldStrength, HiggsBoson, Lagrangian, Muon, MuonNeutrino, Strange, Tauon,
TauonNeutrino, Top, Up, WField, WFieldStrength, WMinusField, WMinusFieldStrength,

WPlusField, WPlusFieldStrength, WeinbergAngle, ZField, ZFieldStrength, g , g , gw]

The Leptons, Quarks, Gauge Fields and structure
constants of the model

The massless fields of the model are the electromagnetic field A, the gluons G and neutrinos

V(M)’ V(T) and v(e)

> Setup(massless)

* Partial match of 'massless' against keyword 'masslessfields’

[masslessﬁelds = {G, v(u)’ V(T), A, V(e) }] (2)
The Leptons and Quarks of the model are

> StandardModel:-Leptons

[e, W, v(e), V(u), V(T)]

(3)
> StandardModel:-Quarks

[woe, td s b] (4)
The Gauge fields

> StandardModel:-GaugeFields



[A,F,B,B,W,W,G,G,W ,W-,W" W+, Z Z]

(5)

For readability, omit the functionality of all these fields from the display of formulas that follows (see

CompactDisplay) and use the lowercase i instead of the uppercase I to represent the imaginary unit

> CompactDisplay(StandardModel:-Leptons (X)), StandardModel:-Quarks (X)), StandardModel:-

GaugeFields(X), HiggsBoson(X), quiet)

> interface(imaginaryunit=i) :

The definitions of the gauge fields can be seen as with any other tensor of the Physics package using the

keyword definition
> ElectromagneticField| definition]
A =sin(6 ) w2+ cos(e ) B
n W W)

> map(u - u[definition], StandardModel:-GaugeFields)

Auzsin(ew) Wu3+cos<9w) BM,IF ZaM(A)—6v<AH>,B :[ B, B, B; B, B

Wi Wi Wi
Woi Woo Wos
=9,(By) —9(Bu) W W, W, W, W7 %Wa) 7 9(W)
Wi Wi, W43_
Gii Ga G5 Gy G5 G G5 Gig
N w oW o - Goi Gy Gy Gy G5 G G5 Gy
R G3,1 G3,2 G3,3 G3,4 G3,5 G3,6 G3,7 G3,8 ’
_G4,1 Guo Gus Guy Gus Gy Gyq Gy

(6)

(7)



— + = 3 = —
BV(W u)’ ZM cos(@w) WM sm(ew) BM’ Zu, . 6u<Zv) GV(ZH)
Note that the conventions used in the definitions of covariant derivatives (not shown above) and field
strength tensors, follow Peskin, S. "An Introduction to Quantum Field Theory", also the Wikipedia, and
are not uniform in the literature: the gauge term involving the gluon in the covariant derivative of the
quarks, e.g. the Top, u o, has a minus sign and the third term in the gluon field strength definition

(shown above) has a plus sign:

> D_[mu](Up[), 4](X)) :
% = expand( %)

—9 2igeuj,AAu lgs ()\'a)/LBuj,BGu,a 8
> GluonFieldStrength| definition]
Gu, v, a - au(GV, a) - a\/(Gu, a) + gsfsu3a, b ¢ GM, b GV’ c ( 9)

The convention for the signs in the definitions of Au and Zuin (7) also follow Peskin's book and the

presentation of the Standard Model in Wikipedia.

The Gell-Mann matrices, that enter gauge terms in the interaction Lagrangian of the StandardModel are
represented by Glambda, implemented as a tensor with an SU(3) adjoint representation index, all of
whose components are matrices

> Glambdal ]
A=l M oA A Ay A A A Ay (10)

a

> seq(Glambda|a, matrix],a=1..8)

010 0 —i 0 1 0 0 00 1 00 —i
=100 a=]i 0 0}n=[0 —10|a=[000/[ir=[00 0 | (11)
000 0 0 0 0 0 0 100 i 0 0
I3

R 0
000 00 0
_ _ _ _ 3
A=[0 0 1T La=00 —i|A=] 0 5 0
010 0 i 0
2




These matrices satisfy a SU(3) algebra

> Library:-DefaultAlgebraRules( Glambda)

7\'1)’ kc =2 ifsu.?a, }\'a ( 12)

b, c

The structure constants f . entering ( 12) and interaction Lagrangian terms of the StandardModel
a, b, c

form a three-dimensional array of 8 x 8 matrices represented by the command FSU3. implemented as a
tensor with three SU(3) adjoint representation indices. As with any other tensor of the Physics package,
to see its components you can use the keyword matrix, e.g.

> FSU3[1, b, c, matrix]

0 0 0 0 0 0 0 0]
0 0 1 0 0 0
0 —1 0 0 0 0
1
0.0 0 0 0 0 —0
Jgujl’b’; 00 0 0 0 % 0 0 (13)
00 0 0 ~ 0 00
2
0 0 0 - 0 0 00
2
00 0 0 0 0 0 0

or, for a more general exploration of the components of f .  you can use the command
°*“a, b, c
TensorArray with the option explore

> TensorArray(FSU3|[a, b, c], explore)
Sons (ordering of free indices=[a, b, c]) (14)
SUSq. b, ¢



0O 0 0 0 0 0 0 0]
0 0 1 0 0 0
0 —1 0 0 0 0
Index 1 000000%0
1
a v 00000—300
oooolooo
2
000—i0000
2
0O 0 0 0 0 0 0 0

Value of Index 1 ' 1
1 8

The tensorial equation for the Gell-Mann matrices
> (12)
Ay —:2if“”3a,b,ck“ (15)
is computable for each value of its tensor indices, e.g.
> SumOverRepeatedIndices( (12) )
hph| =21 (fvuSL 3 C}‘l +fvu32’ B, Ckz t
+jivu37, b e A +fsu3& b e 7‘8)

> eval( (16), [b=4,c=5])

u33’ b, C7L3 +fsu34’ b, Ck4 +fm35’ b, CXS +j‘;”36, b, c;\‘6 ( 16)

(17)

A, ﬁxgj

2 2

Activating the left-hand side,



> value( (17))

2if,4s, ¢ Fa= 2 % + J?zxg J (18)
> expand(SumOverRepeatedindices( (18) ) )
ihy i3 Ag=ik i3 A (19)
To see all the components of ( 12) = [Xb, XC]_ =21f, S e ), at once you can use TensorArray
> Tensordrray( (12))
H A M) =0, [ A] =2k, [Aphy] =-2ik, [Ap 2] =ik, [ k] =—ik,  (20)

(Mo hs] _=ides [Mp] = =ik [AoR] =0]

Do h ] =2k (M| =0, [ ] =20k, [ hy] =ik [A,h] =ik,

Mphg| = =il [Aphy] = =ik, [Ay 2]

-0)

Do) =200, M| =-2ih, [y hg] =0, A0, ] =ik (A 0] =—il,

Ay A

M| = =it [Mpdy] = =ik [Ap ] = =ik [Apy] =0, [Ap %]

| = =i (A | =ik [ Ay A ZO]’

(o)}

|
|
=i (V3 R+ h)s [Aphg] =i (M A] =ik, M ] = =iV A

[P M) =ike Ao hy] =ik, A h] =ik, [ 2] ==i (V3 X+ 1),
Ao hs] =0, [Aohg] ==ik, [Aohy| =ik, [AR] =iV 4]

MM =ik [Ahy] =ik A Xs] =il [Mehy] = =ik A As] =ik

4 2

Moks] =0 [ ] =i(-+ V3 k), Ao ] =—iVT A,

| .
|
[ (Ao ] =ity [ hy] =ik A ] = =ik [ApRy] =ik, [y k] =ik
|
|
|

4° 27
Moke] = =i (- + V3 A), [ ] =0, (M A] =iV A,

gy =0, [Aphy] =0, [Ag ] =iV3 Ay [Aphs] =—iV3 N,
Mo g] =iV3 A [MpAg] = =iV3 A [AgAg] =0H

M| =0,

To represent, in what follows, the interaction Lagrangians for QCD and the Electro-Weak sector as sums
over leptons and quarks, all of them fermions, it is useful to introduce two anticommutative prefixes to



be used as summation indices

> Setup(anticommutativepreﬁx= {fL,fQ})
[anticommutativepreﬁXZ {f ,fQ}] (21)

> CompactDisplay( ( Jps fQ) (X) )
J; (X) will now be displayed asf,
fQ(X) will now be displayed asz (22)

The Quantum Chromodynamics (QCD) sector of the
Standard Model and its interaction Lagrangian

QCD is about the interaction between quarks and gluons and the self-interaction of the latter. Quarks are
implemented as tensors with one spinor and one SU(3) fundamental representation (1..3) indices. Unless
set otherwise, according to the starting message these indices are represented by lowercaselatin_is and
uppercaselatin_ah letters. Gluons are tensors with one spacetime and one SU(3) adjoint representation
index (1..8), respectively represented by greek and lowercaselatin_ah letters, and g is the QCD

coupling constant.

The interaction Lagrangian for the QCD can then be introduced as the sum of two terms

> Loep = Lot Lgg

Locp =L

oc oc T L. (23)

where L 0G represents the part involving the interaction between quarks and gluons, and L .. the part

related to the self-interaction between gluons. L , . is given by

oG

g
> LQG = 7S ‘Dgamma[mu][ k, j|- GluonField[mu, a |(X)-Glambda[a ][ A, B]

-%add( conjugate(fQ[k, A](X) ) -fQ[j, B] (X),fQ = StandardModel:-Quarks)

u
g fo Jo G (%), (v")
S,fgz[u,ctd,s,b] Y 4" 8 ”’“< ”)AaB k.j

LQG = > (24)

The self-interactions of the gluons L . . can be written using the structure constants f, . and the
a, b, c

Gell-Mann matrices la



> L..= -g FSU3[a,b,c] (d_[mu](GluonField[nu, al(X), [X])- GluonField[ ~mu, b](X)

GG

- GluonField| ~nu, c](X)

g
+ TS -FSU3| e, d, c]-GluonField[mu, a|(X)- GluonField[lambda, b |(X) - GluonField[ ~mu,

e](X) - GluonField| ~lambda, d](X) )

u A
o 0 u v gsjgujc,d,eG“’“Gx’bG eG d 2
LGG.——gS]gusajb’c (G, ) G", 67 - 1 (25)
From where
> LQCD
- o _ o — M
8 (Wea st a ST bl s T g st S ST 0D ) G ( ")AB(y )k,/ (26)
2
u A
+ d (G G" gV &Juus d,eGH’“GLbG &
gsfsu3 b H( V,a) b c 4
> LQCD =value(LQCD)

LQCD = (27)
- . _ o — H
gs(ul«;AllJ',B"'c/gchB"' chth+dk,Aij+ k,ASJB+ k,Abj,B)Gua(ka)AB(Y )k,/‘

2

u A
+ (G YG* gV — gsjg“c,d,eG%“G’%bG &
gsfsu.?a’b’c H( v,a> b ¢ 4

Each of these terms has different contributions to a scattering amplitude. For example, take the first term
with the interaction between Up quarks and gluons and last one with the self-interaction between four
gluons.

> L= op( 1, expand(value(LQCD) ) )

u
8 (y )A;jukqu,BGu,a(ka)A,B
LuG = 2 (28)

The amplitude for the process with two incoming and two outgoing Up quarks (particle and antiparticle)

> FeynmanDiagrams(Lu incomingparticles = [ Up, conjugate(Up) |, outgoingparticles = [ Up,

G



conjugate(Up) ], numberofloops =0, diagmms)

71) (%), o (P2) (29)




+P,P+p, B) (%), o ()., C)

> L op( -1, expand(L

GGGG '~

QCD) )
2 A v
gs JivuSaj b, cfsu3q d e G)\, b Gp, a G d G e ( 30)

Locoa 4

The amplitude for the process with two incoming and two outgoing gluons

ceee tncomingparticles = [ GluonField, GluonField ], outgoingparticles

= [ GluonField, GluonField], numberofloops =0, diagrams)

> F eynmanDiagrams( L

.G(X)4 :




W( =P R () (P) (%), (P2) (3D

—

<8G)B,h<P3) K’,a1< ) (( U3 o p Su3a] of S"‘?c,‘ﬁgfsujal, c,h) g
s

KV o, B
+ (-
g (fvu.?a]’ . gfvuS o fg ]Zu3a1 . h) g ( ]2“30, g f

_ v Bx
fsuSal’ C gjzujc,f,' h) g g ))

The Electroweak sector of the Standard Model and its
interaction Lagrangian

The computation of scattering amplitudes is performed with the model after symmetry breaking. The
electro-weak interaction before symmetry breaking, from where the formulation after symmetry
breaking is derived, can be expressed as a sum of four terms mentioned in the Wikipedia page for the
weak interaction

> Lyy=L,+L+L+L

Lyy=L +L+L+L (32)

Out of these four, in the Maple 2022.0 implementation of StandardModel it is possible to represent the
first term, Lg, the kinetic term for the Wu 5 and BM vector bosons

1
> Lg =7 ( WFieldStrength[ |, v, J] + BFieldStrength| |, V]Z)
W WV B B "V
o kvJ A
Ly 4 4 (33)

Introducing the definitions of these tensors we have
> BFieldStrength| definition)], WFieldStrength| definition |
Bu,vzau(BV) B aV(BH)’ Wu, \/,J= au(w\’, J) B av( W J ) + Ew EJK L WHJKWVJL (34)

> [ = SubstituteTensor( (34), L )
4 4

Lg::_Z((au(Wv,J)_av< wJ >+gw€JKLWu,KWv,L> (au<WVJ)_av(WuJ) (35)

(%u(B,) ~9(By)) (6*(B") -9 ("))

4

tg

W v _
WJMNW w N))

The L , term is the kinetic term for the fermions of the model before symmetry breaking, and their



interaction with the gauge bosons WM X and B“is through the covariant derivative. Note that the
electron field e, as well as all the leptons are Dirac spinors that result after symmetry breaking. The

quarks are also particles that appear through the symmetry breaking mechanism. So the terms you get
expanding the covariant derivatives of the leptons and quarks, e.g.

> D [mu](Electron[j](X)) :
% = expand(%)
Vu(ej)zau(ej) tig AHej (36)
> D_[mu](Up[), 4](X)) :
% = expand( %)

ig (k ) G u.,
B _ e j, A _ S\ a4/4p Wa )
V(9 4) =9, (% 4) 3 2 (37)

are of no use for constructing the Lagrangian before symmetry breaking. The L, term involves the Higgs

2ig A“u].

boson before symmetry breaking (here too, the HiggsBoson field implemented in the StandardModel in
Maple 2022 is the Higgs after symmetry breaking) and the Ly formulates the Yukawa interaction with the

fermions.

After symmetry breaking

For the purpose of computing scattering amplitudes, the formulation of the interaction Lagrangian after
symmetry breaking is more relevant; this one is given by

> Ly, =L, +L,+L.+L,+L  +L, . +L,. . + LY;
Ly =L+ Ly+L.+L,+L,,+L, +L,. .+ LY’. (38)

where we use the notation shown in the Wikipedia page for the weak interaction. As illustration, we

compute here the L, and L,; terms, respectively containing the kinetic terms corresponding to the free
fields and the interaction terms between the fermions - leptons and quarks - and the gauge bosons Auand

Z .
0

Following the Wikipedia page mentioned, the kinetic term L, is given by

1
> L, = - ZElectromagneticFieldStrength[mu, nu]2

1 1
Y WPlusFieldStrength| mu, nu |- WMinusFieldStrength| mu, nu ] + > -m| WField ]2

- WPlusField| mu]- WMinusField[ mu ]

1 1
-~y ZFieldStrength[ mu, nu P+ Em[ZField]2~ZField[ mul’



1 m| Hi sBoson]2
+ —d_[mu](HiggsBoson(X) )2 — &8 -HiggSBoson(X)2

2 2
+ %add(conjugate(fL[j](X) )-(Dgamma[mu][j, k]-i-d_[mu](fL[k] (X) ) - m[fL]
f, [J1(X) ),fL = StandardModel:-Leptons| 1 ..3 ])
+ %add(conjugate(fL[j](X) )-(Dgamma[mu][j, k]'i-d_[mu](fL[k](X) ) ),fL
= StandardModel:-Leptons[4 ..6 | )
+ %add(conjugate(fg[j, A](X) )~(Dgamma[mu][j, k]'i-d_[mu](fQ[k, A](X) ) - m[fQ]
-fQ[j, A](X) ),fQ =StandardM0del:-Quarks)

F FRY W+ W-BY  xiwhw b zozey 2z ozt
Y W v v Z

Ly =~ M’\/4 B - 2 + 2 - 4 * ; (39)
@0(@  me u
’ 2 -2 +fL[e, H, r]fLJ (16”<ka) (y )J k_mefLJj i
e o) () 2 (e, (1)
fL_[V()vu)v)] J sk f=[uctdsb] Y k, ik
_’"foQj,A)
The inert sums over the leptons and quarks can be activated using value
> value( (39))
FOERY We We kY W oWz Z ey ez 2
T i 2 " 2 T T (40)
0 (@)ar(@) wo . B .
+ 7 - + e (1(3”(6,() (Y ) k—meejj +uj (16u(l/lk> (V )J .

Introducing the definition of the field strengths F  , W+ W~ and Z
v W, v W, v u,

\%



> ElectromagneticFieldStrength| definition]

":u,vzau(AV) B av<AI~l> (41)
> WPlusFieldStrength| definition]
+ — + _ +
W0,V SOV (42
> WMinusFieldStrength| definition]
W0V S (9
> ZFieldStrength| definition|
ZH’Vzau(ZV) — av(zu) (44)

> L, = SubstituteTensor( (41), (42), (43), (44), (40))

) () (OF (A7) ma(at))

L J (45)
_ GOV AN () () A
) ) () 2 ()| et 90

mfp q)z

The neutral current Lagrangian containing the interactions between fermions and the gauge bosons
Auand Zu is expressed in terms of the electromagnetic and weak currents J £ and JW " as

8y
> L,=g-J|EUlE icFi X .
N = &, J|E, u]-ElectromagneticField[n](X) + cos(WeinbergAngle) (J[W, mu]

- sin(WeinbergAngle)*-J[ E, mu]) - ZField[ mu](X)

, 2
_ g, (JW’ W sm(@w) JE’H) Zu
Ly=gJy A+ (0,

(46)



In turn, these currents are expressed as

> J[E,u] = %qe'Dgamma[mu][k,j]-%add(conjugate(fL[k](X) )-fL[j](X),fL = [ Electron,
Muon, T auon])
+ %qu-Dgamma[mu][k,j]'%aa’d(conjugate(fQ[k, A](X) ) -fQ[j, A](X),fQ = [Up, Charm,

Top])
+ %qd-Dgamma[mu][k,j]-%add(conjugate(fQ[k, A](X) ) -fQ[j, A](X),fQ = [Down, Strange,
Bottom])
Joo=a(n) 2 Lf+a(y fo S0 +a,(0) 2 (47)
Eu = “>kjjl=[¢LL1]Lkl? 1 ”)kaz wetka Y4 1 ”)kjjé=[d,sb]
Q%AQ%A
To activate only the sum over the different kinds of fermions,
> J[E, mu] = eval( (47), %add=add )
ﬁuU:qJXJM(%%+”“L+TT) () RVCYR A (48)
+qd<yu)k’] (d dJ +s/€ +b b )

To activate the sums and also the inert representations of the different charges you can use the value
command

> J[E, mu] := value( (47))

(49)

For the weak current, from the Wikipedia reference mentioned,

> J[W,u] = Dgamma[mu][k il (KroneckerDelta[], [l — Dgamma[5][j,])" (
ol - % add(con]ugate( S, k] ) X), f, = StandardModel:-Leptons[ 1 . 3])
+ %l - %add(con]ugate(f [k]( ) ) fL[ 1(X). /, —StandardModel.—LeptonsH..6])
+ %l - O/add( con]ugate(fg[k, A](X) ) ~fQ[l, A](X),fQ = StandardModel:-Quarks|1 ..3 ])
+ %ol /)add(con]ugate(fg[k, A](X) ) -fQ[l, A](X),fQ=StandardM0del:-Quarks[4 ..6]) )

JW’“ - (y“>k,j ( [[( Z fL [V(e)zvlu) V(r)]lzka1+ ]”f Z (50)
’ ’ 0

=[en 1] L= =[u, ¢ ]



- L -
ka, Ale,A ‘/fQZ[;S, b]ka, Ale,A]

To activate only the sums,

> J[VK p,] = eval( (50), %add=add)

— — — o NOBNC W (W
JW’M = (yu)k’j (8},’1— <y5)j,l) (1()(ekel+ T T 'ck'cl) +1 (v NV VT v+ (51)
CRN) — — — — _ _
VoV z) EACTYL YRV VR YL R O R Ve bk,Abl,A))

To activate the sums and also the inert representations of the corresponding different isospins /, /. / ./,

you can use the value command

> J[W,mu] = value( (50) )

k kYo
I 5 — S 52
W, (yu),gj(fal (YS)]-,I) 2 2 A (52)
NG I - — — _ _
N MY b Seatia | Seatia by Gy SaSia PP
2 2 2 2 2 2 2
L, defined in (46) in terms ofJEyuand JW,ulS then given by
> L,
2u, ,u 2¢, ¢ 2t .t
— — — kA "j, A kA j, A kA j A
ge[(' ¢~ M 5T (Yu)k,jJr ( 3 T3 T ) <yu>k,+ ( (53)
YLV skA‘“‘/,A_bchbf',Aj<y> jAu+ 1 [g [(Y) (5
3 3 3 Mk ) cos(ew) WA Ut
e MK T V(e)kv(e)l v kV(M)l ;ﬁTkV(T)l u v
- S e + + +
(5),,) "2 2 2 2 2 2 2
c ¢ t t d d s, s b, b
ka4 | %ala % 4 91, 4 454 alLa | 2o, =
L 5 5 ] sm(G ) ( e e
2u 2¢, 2t t d d
— — A G, A kA G, A kA j, A kA j A
L e e i e I

The structure of indices of this term can be scanned using Check

> Check(LN, all )



The products in the given expression check ok.

The repeated indices per term are: [{...}, {... }, ... ], the free indices are: {...}

[{4.), kou}, {4, ). k Lu}], @ (54)

Feynman Diagrams

Feynman Diagrams are the cornerstone of calculations in particle physics (collisions involving from the
proton to the Higgs boson), for example at the CERN. As an introduction for people not working in the
area, see "Why Feynman Diagrams are so important". In connection, Maple 2020 presented a full
rewriting of the FevnmanDiagrams command including a myriad of new capabilities. Then Maple 2020
included a large number of new options in FeynmanDiagrams, as well as a new FeynmanIntegral
module.

In addition, in Maple 2022,

* The most time consuming parts of FeynmanDiagrams were revised and rewritten, resulting in a 10x
to 100x speed-up depending on the interaction Lagrangian and the number of loops. Also,
FeynmanDiagrams, that in Maple 2021 can draw diagrams with up to 3 vertices, in Maple 2022 can
also draw diagrams with 4 and 5 vertices.

* The Fevnmanintegral package to evaluate the Feynman integrals - e.g. those that appear in the output
of the FevnmanDiagrams command - includes 9 new commands, covering most of the intermediate
or advanced steps involved in that evaluation.

These developments were presented in Computer algebra and Particle Physics - CAPP 2021.

Dramatic speedup

* Among the most significant things in Physics for Maple 2022 is the revision of the code optimizing it
for performance, resulting in speedups across the board. For example, Maple 2022 performs the
computations of scattering amplitudes 10 to 1000 times faster depending on the case. As an example,
consider the interaction Lagrangian for Quantum Chromodynamics (QCD), part of the Standard
Model. In QCD, the gluons, that we label here as Gl, are represented by a massless field mediating
the force (is the analogous of the photon 4 in QED), and the model includes 6 different types of
quarks: up, down, strange, charm, top and bottom.

» Without making direct use of the StandardModel package, for comparison purposes you can
formulate the QCD Lagrangian ( 27) as in Maple 2021 by setting the field operators
> Setup(quantumoperators = { Qb, Ot, Qu, Od, Oc, Os, Gl}, anticommutativeprefix = { Ob, Ot, Qu,
0d, QOc, Os}, masslessfields = Gl )

(M)’ V(T)

[anticommutativepreﬁx= {Ob, Oc, Od, Os, Ot, Qu}, masslessfields = {Gl, G,v , A, V(e) ]’, (55)

quantumoperators = {B, b, ¢, d, G/, W, Ob, Oc, Od, Os, Ot, Qu,s, T, t,t u, W, Z, B, e, G, ©,
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Define as tensors the following fields entering the model

> Define(Gl[mu, a], Qb|k, B], Ot[k, B],

T[~a, B, C),f[~a,~b,~c])

Defined objects with tensor properties

{BH’ba,B’ca,B”Yu’da,B’fsuSCl,hC’G wa oMo Op O p O p S, p T

7.9 .f%be B
“.’ “’f ’&]ngk A) gu’ V,
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wv

, €
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F

T

X

|

G € \Y
wo o BV

a
B, C° Ta’ ta, B ua, B W

- Wt . Z

There are terms for the 6 different types of quarks: up, down, strange, charm, top and bottom

> LI = g-conjugate(Qulk, B)(X) ) Dgamma[ ][k, ] Qu[ .

L a
Ll = g T B, C Quk’ B(X) Quj’

> L2 := g-conjugate(Qd[k, B](X)) Dgammalu|[k,j] Od[j, C

e a
L2:=gT*, .0d,

> L3 := g-conjugate(Qs[k, B](X)) Dgamma|u|[k,j] Os[j, C

L3:=gT aB, c st 3(X) Qsj’

> L4 := g-conjugate(Qc|k, B](X)) Dgamma[ ][k,j] Ocl J,

L4:=gT"

> L5 = g-conjugate(Qt[k, B](X) ) Dgamma|u|[k,j] Ot[j, C

o a
L5 = g T B C th’ B(X) Qt]’

> L6 = g-conjugate(Qb[k, B](X) ) Dgammal ][k, j] Ob[j, C

L6:=gT “B’ ¢ Ob, 5(X) Ob, (X) Gl

Then the terms representing the self-interaction of the gluons

> L7 =g f[~a,~b,~c]d [mu

CQ

s

(X

1(GI[nu, a](X

) Od,

) O¢,

X

X

X

(X

X

) GI

) G

) Gl

))-GI[mu, b](X

) Gl

) GI

Cl(X) GI[W, a](X)T[~a, B, C]

C1(X) Gllw, a](X)T[~a, B, C]
©aX) (v”)

, a

)GI[nu, ¢](X)

L7 :=gf*® b’"au<G/V JX)) Gl HLx) GLY (x)

a “" VaL u “ “"V

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

> L8 := g*f[~e,~ar~b]-f[ ~er~c~d]-GI[mu, a](X)GI[lambda, b](X)GI[mu, ¢](X)GI[lambda,
(X)

d)(X



L8=g ferrecdg (x)aGi

» (X) GI* (x) Gl (x) (64)

Ab d

where L7 involves derivatives of the gluon field. Each of these 8 interaction terms produces a particular

vertex, for example, the output in this 2021 version of QCD, equivalent to ( 29) and ( 31) computed
with the new StandardModel package's commands, is

> FeynmanDiagrams(L1, incomingparticles = | Qu, conjugate(Qu) |, outgoingparticles = [ Qu,
conjugate(Qu) ], numberofloops =0, diagrams)

:Qu(X) Qu(X \ Qu(X) Qu(X \ : [GI(X )\, GI(X)
(*2) (%2) F[V1(A2) ]

(e (rr ey e ) (o) (7) (69
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> FeynmanDiagrams (L8, incomingparticles = | Gl, Gl ], outgoingparticles = [ Gl, Gl ],
numberofloops =0, diagrams)

FGIX)4
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The total interaction Lagrangian in this 2021 version of QCD, equivalent to the interaction Lagrangian
(27) constructed with the StandardModel commands, is

> L=LI+ L2+ L3+ L4+ L5+ L6+ L7+ LS8

Li=gT*, - Ouy(X) Ou (X) Gl (%) (V") +eT% (67)

kJ
0 (+")

U, a

0d, ,(X) 0d, (X) G (x) (v )M +gT "y 05, 4(X) 05, ((X) G y

+ 8T, ¢ 06 4(X) 0, (X) Gl (x) (v")

a
W, a +gT B, C

k. Jj

01, 4(X) 01, (%) G (x) (" )M + 9Ty ¢ Ob 4(X) Ob, o(X) Gl

W a

0 (+*)

(X) GI

kj
X)

a

, b, 2 , b , d
+gf“ Cau(le’a(X))Gl”b(X) GlY (X)+gfe®’fee Gl 2o

GI* (x)Grt (x)

Using an Apple laptop with the M1 chip and 32 GB of memory, in Maple 2021.0 released one year ago,
the computation at two loops of the process with two incoming bottom quarks (particle and antiparticle)
and two outgoing top quarks (particle and antiparticle) takes 45 seconds. In Maple 2022 it takes around 8
seconds

> st := time( ) : FeynmanDiagrams(L, incomingparticles = [ Ob, conjugate( QD) |,
outgoingparticles = [ Ot, conjugate(Qt) |, numberofloops =2) : round(time( ) - st)-seconds
8 seconds (68)

If one includes tadpoles and reducible graphs, the computation takes 4 hours in Maple 2021.0, and
around 2 minutes in Maple 2022

> st = time( ) : FeynmanDiagrams (L, incomingparticles = | Ob, conjugate( QD) |,
outgoingparticles = [ Ot, conjugate(Qt) |, numberofloops =2, includetadpoles = true,
(time( ) - st)
60.
2 minutes (69)

reduciblegraphs = true) : round( ) -minutes



This same process at three loops, even without tadpoles and reducible graphs is out of reach in Maple
2021. In Maple 2022, that computation at three loops completes in around 20 minutes

> st := time( ) : FeynmanDiagrams(L, incomingparticles = [ Ob, conjugate( QD) |,

(time( ) - st)
60. )

outgoingparticles = [ Ot, conjugate(Qt) |, numberofloops =3 ) : round(

-minutes
20 minutes (70)

Drawing Feynman diagrams with 4 and 5 vertices

Load the package, set three coordinate systems and set ¢ to represent a quantum operator
> restart; with(Physics) :

> Setup(mathematicalnotation = true, coordinates = [ X, Y, Z], quantumoperators = ¢ )

Systems of spacetime coordinates are: {X= (x1,x2,x3,x4), Y= (yv1,y2,y3,y4), Z= (z1, z2, z3,
z4)}

| coordinatesystems = {X, Y, Z}, mathematicalnotation = true, quantumoperators = { } | (71)
Let L be the interaction Lagrangian

> L= 210(X)’

L=20(X)’ (72)

New in Maple 2022, diagrams with 4 and 5 vertices are now drawn. The following is the term of the
scattering matrix in coordinates representation with up to four external legs - i.e. related to processes
involving four particles in total, adding the incoming and outgoing - and only the fourth term (
numberofvertices =4)

> FeynmanDiagrams (L, numberofexternallegs =4, diagrams, numberofvertices =4)



Symmetry factor = 3888

r
o | ||| 3888 X 10(X,) 0(X) 0(Y) 0(2) = [0(X,). 0(X) | [0(X,). 0(2)] [0(X), (73)
o(Y)][o(Y), 0(2)] dx *ar*aztax,*

The same computation, again in coordinates representation with five external legs - processes involving
five particles in total, adding the incoming and outgoing

> FeynmanDiagrams (L, numberofvertices =5, numberofexternallegs =5, diagrams)



Symmetry factor = 93312

|1 ]]]9331207 20(x,) 0(25) 0(X) 0(¥) 0(2) = [0(X,). 0(X) | [0(X,). 0(¥) | [0(X:). (74)

O(X) ] [0(X5) 0(2) | [0(¥), 0(2) ] dx *ay*az*ax, *ax, *

For a particular scattering process of this type, consider for instance
incoming = [ 9, 0, ¢ |, outgoing = [, ¢ |, the corresponding input would be FeynmanDiagrams (L,
incoming = [ phi, phi, phi], outgoing = [ phi, phi], numberofvertices =5, numberofloops =1,

diagrams).

. . 4 . . .
A more involved example with the A & model, cases of 4 and 5 vertices. To understand the drawings, in
the case of 4 vertices there are 4 red dots in the corners of a square, then there are 6 internal lines: the

perimeter and the two diagonals.



4

> L= Lo(X)

L=nro(x)"

(75)

The scattering amplitude in momentum representation for one incoming and one outgoing particles and
four loops; to see the algebraic mathematical expression of the amplitude, remove the *:* at the end of

the input line

> FeynmanDiagrams( L, incoming =[], outgoing =[], loops = 4, numberofvertices = 4,

diagrams) :

* Partial match of 'loops' against keyword 'numberofloops’
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For a more involved example at five loops consider the input line

FeynmanDiagrams( L, incoming = | ¢ |, outgoing = [, loops = 5, numberofvertices = 5, diagrams )

>

Feynmanintegral module with 9 new commands

Feynmanlntegral, introduced in Maple 2021, is both a command and a package of commands for the




computation of Feynman integrals, i.e. the (loop) integrals that appear in quantum field theory when
performing perturbative calculations with the S-matrix in momentum representation. In Maple 2021.0,
Feynmanlintegral entered the Maple library with two commands: Evaluate to evaluate the integrals, and
Parametrize to parametrize them.

In Maple 2022, the command and the package got significantly extended, both regarding the
representation and computation capabilities. As a command, FeynmanlIntegral can now compute a
Feynman integral using dimensional regularization, rewriting the integrand using tensor reduction,
Feynman parameters, and expanding in the dimensional parameter €. As a package, Maple 2022
extended the FeynmanlIntegral (overview) package with the addition of 9 new commands for performing
most of the steps of the computation of these integrals.

epsilon Evaluate ExpandDimension FeynmanIntegral
FromAbstractRepresenta Parametrize Series TensorBasis
tion
TensorReduce ToAbstractRepresentatio varepsilon

n

Brief description of the commands of the Feynmanintegral package in
Maple 2022

* epsilon is the same as FeynmanDiagrams.-epsilon and is used to express the prescription used to
integrate in the complex po plane.

* Evaluate evaluates the Feynman integrals of a given expression, typically the output of the
FeynmanDiagrams command, by parametrizing each of those integrals, optionally returning the
intermediate steps of the computation or expanding the dimension around d =4 — 2 € keeping terms

up to O(e).
» ExpandDimension expands the d-dimensional result returned by Evaluate around d =4 — 2 ¢
keeping terms up to O(g).

» FromAbstractRepresentation returns the standard form of Feynman integrals passed in abstract form.
This command is the reverse of ToAbstractRepresentation.

 Parametrize replaces the propagators within a Feynman integral by integrals on Feynman or alpha
parameters.

* Series expands in series, like the series command, but strictly returning results up to order O(n)
regardless of the existence of terms with negative powers.

» TensorBasis given a list of external momenta and a list of spacetime indices, constructs a complete
basis of tensorial structures using the external momenta and the metric v

g



» TensorReduce expresses integrals with loop momenta in the numerator in terms of scalar integrals
(with no loop momenta in the numerator).

» ToAbstractRepresentation represents Feynman integrals in an abstract form suitable for performing

the tensor reduction of tensor Feynman integrals. The abstract form is suitable for performing the
tensor reduction of Feynman integrals implemented in TensorReduce.

« varepsilon represents the dimensional parameter used in the dimension regularization approach.

Examples
> restart; with(Physics) :
> with(Feynmanlintegral)

[Evaluate, ExpandDimension, FromAbstractRepresentation, Parametrize, Series, SumLookup, (76)

TensorBasis, TensorReduce, ToAbstractRepresentation, e, 8]
To remain closer to textbook notation, display the imaginary unit with a lowercase i
> interface(imaginaryunit=i) :
The simplest case of a massive ¢ field, the integral containing two propagators and one external

momentum P1“ to which corresponds the mass m;, .

> %Feynmanlintegral il P
(P =ml+ie) ((p,=P) —m +ie)
Pt \
(plz—m¢2+i€) <(p1_P1)2_m12+i€> dp, (77)

The reduction of this tensor integral to a linear combination of scalar Feynman integrals all in one go:

> (77) = TensorReduce( (77))

u
p, 1
dp4=—— p* mz—mz—P(78)
(plz—mq)z-i—ie)((p]—P])Z—mlz-i-ie) ! 2(P1'P1) [ ! [( ! ° !
1 4 1 4
- P p, + dp, " —
]) (plz—mq)z—l—ie)((p]—P])z—mlz-l—ie) L P, —m¢2+ie P

1 I 4
dp
(pI—PI)Z—m12+i€ !
By design, the reduction process does not evaluate the integrals so that one can follow the process
clearly. The evaluation can be performed next by passing this result to Evaluate



> (77) =Evaluate(rhs( (78)))

p1“ 1 u 2 2
dp, "= - P -i(m°~—m (79)

(plz—mq)z-i—ie)((p]—P])z—mlz-i-ie) ! 2(P1'P1) ! < ! ¢
—pp)w | 22

n=0n]=0

) N 2n1 —2n1—28—2n
) <—m1 +m¢) F(n-l—nl-l—l)P] F(e-l—n—i—n])mq)
F(2n1+n+2)r(1+n)

—in2_8m¢2‘28r(—1+e)+in2_£m12‘28r(-1+e)

Note also that Evaluate automatically calls TensorReduce to perform the reduction of tensor integrals
when that is the case. So, passing the Feynman integral directly to Evaluate, skipping the interactive
TensorReduce step, results in the same

> Evaluate( (77))

[e¢] [e¢]

N . 2 2 2—¢
-5 (P 5 P1“ -1 <m1 —mq) —PI-P1>TC ;0,112‘0 (80)

" 2n -2n —2e—2n
2) F(n+n1+1)P] ]F<£+n+n1>m¢ !

[(2n,+n+2)T(1+n)

—im m¢2_28F(—1+8) +i1t2_8m]2_281"(—1+8)

Back to the reduction process, this is how the integral is processed one step at a time. First, check the
abstract representation that will be used in the output step by step:

> ToAbstractRepresentation( (77) )
2 2
TH(2,0.m ~P.m " p.0) (81)

In this output we see the integral has 2 propagators, the first one has 0 external momentum (i.e. none)

and mass m ¢2. The second propagator has external momentum - P, to which corresponds the mass m;, .

Finally the loop momentum integration variable is p, and the last operand, in this example equal to 0



means there are no contracted powers of p,, the loop integration variable, in the numerator of the

integrand. To retrieve the non-abstract form from the abstract one you can use

> FromAbstractRepresentation( (81) )

"

(plz—m¢2+ie) ((pI—P])Z—mjz—l—ie)

p,* (82)

The first step of the Passarino-Veltman reduction, the main equation

> T ensorReduce( (77), step=1 )

* Partial match of 'step’ against keyword 'outputstep’
pt

(plz—mq)z—i-ie) ((p]—PI)Z—mlz—f-ie)

pt=c P* (83)

The right-hand side contains only one element. That is so because the tensor basis for this problem,
where there is only one free spacetime index in the numerator of the integral and only one external
momentum P, is given by just

> TensorBasis( [Pl]’ [~mu])
[p 2 ] (84)
The second step

> TensorReduce( (77), step=2)
* Partial match of 'step’ against keyword ‘outputstep’

2 2 _ n
[PIMZZ'”<2,O,m¢, P],m],pJ,O)—PIHClP] l (85)

The third step only represents the scalar products in the right-hand side in a more convenient form

> T ensorReduce( (77), step=3 )
* Partial match of 'step’ against keyword ‘outputstep’

[ P]M W(z, 0, mq){ -P, mIZ’p],()) =C, (P,"P)) ] (86)

The fourth step is the most important one, where the actual reduction to scalar integrals, represented in
abstract form, is performed

> TensorReduce( (77), step=4)
* Partial match of 'step’ against keyword ‘outputstep’

(87)



2 2
CTL(10.m 7P, 0) . TL(1, -Pymp,0) (87)
2 2
(P] . P] — ml2 + m¢2) [ ](2, 0, m¢2, —P], mlz,p], 0)
+ > =C, (Pl -P1)
To see this result in standard representation you can use
> FromAbstractRepresentation( (87) )
1 4 1 4
dp dp
plz—mq)z-i-ie ! J (p,—P)’ —m}+ie !
-— 88
7 + 2 (88)
2 2 1 4
PP, —m +m dp
(1 ! ! ¢) (pl —m2+ie)<(p —P)z—mz—i-ie) !
. o 1 1 1 _
+ 7 =C, (PI

.PI)

The fifth step processes this output by solving for the C coefficients, expressing them in terms of the

scalar integrals of step 4.

> TensorReduce( (77), step=5)
* Partial match of 'step’ against keyword ‘outputstep’

v

p

1 4 " B 1

dp, =C, P," where Cl——2 (P P)< (89)
1t

(plz—mq)z—l—ie) ((p]—Pl)z—m]2+ie)

T ]<2’ 0, m¢2, P, mlszp 0) m]2+ [ ](2, 0, m¢2, -P, mlz,p], 0) m¢2+ (P]

“P)) T[](2.0. m¢2, -P, mf,p],o) - T )(1.0, m¢2,p1,0> +TL)(1,-P, mlz,p1,0)>}

The sixth step combines this result inserting, in the output of step 1, the values of the C

> TensorReduce( (77), step=6)
* Partial match of 'step’ against keyword ‘outputstep’

"

(p12—m¢2+ie> ((p]—Pl)z—mlz-i-ie)

ip, = 2(})11—.P1)((—7r[ J(2.0.m> P, (90)

mf,p],o) m?+ T[ (2.0, m¢2, -P, mf,p],o) m¢2+ (P P)) TL1(2.0, m¢2, -P.m},



pl,o) — ](1,0, mq)z,p],O) +T](L -P, m,z,p,,O)) P, ”)

Finally, either passing step = 7 or omitting the step = ... altogether, the whole reduction is
performed as done at the beginning (see equation (3)).

An example with two free indices

pyl~mu]p,[~nu]
> %Feynmanintegral 5 3 3 RN 4
(pI —m, —I—Ie) ((pI_PI) —m, —I—ze)
u \Y
PPy A
dp, (91)

(plz— m]2 —I—ie) ( (pl —PI)Z— ml2 —I—ie)

The reduction of this tensor integral to scalar integrals, all in one go, is given by
> (91) = TensorReduce( (91))
ptp” 1

2 2, . 2 2, . d1”14: 2|4 (2
(py —m/ +ie) ((p,—P)) —m +ie) (-12+8¢) (P, P)

(92)

Y 2 PV (-2+¢)pP "
gh (P, P) / /
Pl)[ Z + 5 —m g"" (P]-P])+m]2P]“
~ 1
PVJ 14+(—2 WY p.p 2+(4
" (2, _m12+i€> ((pz_Pz)z_mzz"'iE) o =)




Integral Vector Calculus and Parametrization of
curves, surfaces and volumes

Four new commands were added to the Physics:-Vectors package, implementing the parametrization of
curves, surfaces and volumes, as well as the computation of path, surface and volume vector integrals.
Those are integrals where the integrand is a scalar or vector function, and the computation is done from
any description (algebraic, parametric, vectorial) of the region of integration - a path, surface or volume.

There are three kinds of line or path integrals:

>
B -
J F dr
N
4 path=C
B
- ->
J F-dr
N
4 path=C
B
- ->
J F xdr
N
path=C

- -
where 4 and B are points in space, the limits of integration, that belong to the curve C over which the
integral is performed. In the first integral, ' is a scalar function and the result of the integration is thus a

N
vector. In the second and third integrals the integrand F'is a vector function, so that the dot product

- -
F« dr is a scalar and so is the integral, while in the third one F' x dr is a vector and so is its integration
over the region C.

Likewise, there are three kinds of surface integrals

(JF as)
surface= C, parameters=[u=a..b, v=c.d]

— -
( J F- dS)
surface= C, parameters=[u=a..b, v=c.d]

— -
( JF x dS )
surface= C, parameters=[u=a.b, v=c.d]

and two types of volume integrals

( J Fav)
volume= C, parameters=[u=a.b,v=c.d, w=f.g]



3N
( J Far)
volume= C, parameters=[u=a.b, v=c.d, w=f.g]

The line element d7 in path integrals is expressed in terms of a parameter ¢ as
> d -
dr=|—/—r(t)|dt
()

) -
Using indexed notation for derivatives ?u = E;(u, v), the surface element dS in surface integrals is

expressed in terms of parameters as

- -
d =r X rvdudv

and the volume element dV" in volume integrals as

av=", (F,x 7)) dudvdw

The integrals in the three cases are computed by first expressing the integrand and the integration
element in terms of the parameters using the parametric equations derived with ParametrizeCurve,

ParametrizeSurface and ParametrizeVolume, then performing the vector product operations, then the
integration.

Vectorial Path integrals

> restart; with(Physics:-Vectors);
[&x, "+ . ChangeBasis, ChangeCoordinates, Component, Curl, DirectionalDiff, Divergence, (93)
Gradient, Identify, Laplacian,V, Norm, ParametrizeCurve, ParametrizeSurface,

ParametrizeVolume, Setup, diff, int]

Consider the following scalar function F, path C and integration limits 4 and B

> F:=xy
F:=xy (94)
> C:= {nyZ,ZZO}
C = {y=x%z=0} (95)
> A :=1[0,0,0]
4:=1[0,0,0] (96)
> B :=[1,1,0]
Bi=1[1,1,0] (97)



The line or path integral, shown here in inert form on the left-hand side and active, computed to the end
on the right-hand side, is

> (Int=int)(F,r_=A ..B ,path=C)

[1,1,0] . ¥ p
xyd7 ==Ly 2 (98)
[0, 0, 0] 3 4
o path:{y:xz,ZZO}
The output on the right-hand side is a vector. Within int, to perform this integration the curve
C= { y= xz, z= O} is first parametrized using ParametrizeCurve
> ParametrizeCurve(C)
[x(1) =t.y(1) =7, 2(1) =0]. 1 (99)

The output above is a sequence, first the parametric equations as an ordered list (order [x, y, z]) then the

-
parameter, in this case ¢. For the formulation of the integral to make sense, the limits of integration 4 and
5

B must belong to this curve, i.e. satisfy the parametric equations for some value of the parameter, in this
case t=0and r=1

> A =Eval( (99)[1],=0)
[0,0,0]=[x(t) =t,y(t) =, z(t) =0] (100)

> B =FEval( (99)[1],t=1)
[1,1,0]=[x(t) =t,y(¢) =& z(t) =0] (101)

To see the integral after being parametrized and before performing the integration you can use the option
inert

> (Int=int)(F,r_=A_..B_, path=C, inert)

[1, 1, 0] . b p
[ Xy r) = @jf+if)a (102)
[0, 0, 0] path={y=:2,z=0}, inert

- -
Since there is a relation one-to-one between the integration limits 4 and B and the parameter's range,

instead of indicating 4 and B you can also indicate the range of ¢ itself, getting the same result ( 98)

> (Int=int)(F,r_, path=C, parameter= {t=0.1})

. 2
(xyr J+

= (103)

i
path={y=x2,z=0},parameter={t=0..1} 4
When the parameter's range is passed, you can also use a shortcut notation, passing the second argument
as an equation r_ = C, making more explicit that r__ is the vector representation of the region of
integration C, so the line element dr is the differential of the vectorial parametric representation of C. In

that case, indicating path = Cis redundant and can be omitted.



> (Int=int)(F,r_=C, parameter= {t=0..1})

S 27 i
+7
(xy 7") 4

=— (104)
path={y=x2, z=0}, parameter={t=0..1} 3
The integration path and the limits of integration can be expressed in vector notation as well
> C =x i+xj
Ci=xj +xi (105)
>4 =0
4:=0 (106)
> B == i+ j
Bi=i+] (107)
> (Int=int)(F,r_=A ..B ,path=C )
[ ey _2L L (108)
0 5 4

path =2 ; +xi
Vectorial Surface and Volume integrals

The case of surface and volume integrals is analogous to that of line (path) integrals, but for two things:
instead of one, there are two or three parameters, and instead of indicating integration limits, it is
required that you indicate the parameter's ranges.

The following C represents the surface of a sphere of radius a centered at the origin

> with(Physics, Assume, CompactDisplay)

[ Assume, CompactDisplay] (109)
> Assume(0 < a)
{a::(0, ©)) (110)
2 2 2_ 2
> C,=x +y +z7=a
C,=xX+y+7=d (111)

> ParametrizeSwface( C, )

[x(6,0) =asin(6) cos(¢),y(6,9) =asin(6) sin(d),z(6, ) =acos(6)], [6, ] (112)
From the definition of the vectorial surface element as

dS=7 x7 dudv
u %

-> ->
dS is a vector perpendicular to the surface of the sphere. Hence, the vectorial surface integral of dS over



the upper half of the sphere should be a vector perpendicular to the plane (x, y) in the k& direction. Also,
checking the form of the parametrization returned by ParametrizeSurface (above) is useful to understand

what the ranges for the parameters 6 and ¢ need to be in order to represent the desired region; for the
upper half we have

( 1 S) =dkn (113)
surface= (x2 + yz + 22=a2),parameters= 9=O..E, 0=0.21
2

> (Int=int) (1, S_, surface = C,, parameters = [9 =0 ..g, 0=0.2m

From symmetry considerations, the integral of dS over the lower half of the sphere should have the same

magnitude but opposite direction ( - k), from where the integral over the whole sphere, so for 6 =0 ..x,
should be equal to 0

> (Int=int) ( 1, S, surface = C,, parameters = [6=0.m ¢=0.2 n])
( 1dS =0 (114)
surface= (2 + 12 + 2=a2), parameters=[0=0.1 ¢=0.27]

5
From this example we see that to get the area computing the integral of dS over the whole surface it is

N
necessary to take as integrand the modulus of dS, that is its scalar product with a unit vector parallel to

it. By definition of surface element (see after ( 112) ) that unit vector is given by
> CompactDisplay(r_(0,9))
7:( 0, 0) will now be displayed as’r (115)
_ _ (diff(r_(8,9),8)) &x (diff (r_(6,9),9))
~ Norm((diff (r_(6,9),0)) &x (diff (r_(6,6),9)))
_ ()X
[ (76) * (o) |

where 7 is the vectorial form of the parametric equations of the surface. It is easy to see this vector is the
radial unit vector 7. For that purpose you can use the option output = vector of ParametrizeSurface
to get the vectorial form of the parametric equations for C,

.. ") (116)
o)

> ParametrizeSwface( C,, output = vector)

asin(0) cos(¢) et asin(0) sin(q))} + a cos(0) /;, [6, 0] (117)

Introduce this value of 7 into the expression for n and change basis to spherical

> n_=-eval(n_,r (6,0)=(117)[1])

(118)



- azsin(e)zcos((b) i +azsin(6)zsin(¢)} +/Acsin(9) cos(0) @ (118)
n =
\/ a* sin(G)4 cos((j))2 +4 sin(9)4 sin((j))2 + sin(G)2 cos(G)2 a*
> n_ = ChangeBasis(n_, spherical)
"= r (119)
Putting all together, the area of a sphere of radius a is given by this closed surface integral
> (Int=int) (n_, S_, surface = C,, parameters = [6=0.7m ¢=0.2 n‘])
([}-ds —4d’n (120)
’ surface= (2 + 12 + 2=a2), parameters=[0=0.1 ¢=0.27]
In the case of the volume of a sphere, an algebraic representation of the region is
> (= x2+y2+zz=r2
2,2, 2_2
C,=x"+)y +z=r (121)
from where the volume of a sphere of radius a is equal to the integral of the corresponding
dV=;u . (?v X ;W) du dv dw with parameters 7=0..a, 0=0.mtand 0=0..2 1
> (Int=int) ( 1, V, volume = Cj,parameters= [r=0 .a,0=0..m¢$=0..2 Tc])
( 4a’m
(. ldV) =3 (122)

volume= (2 + 12 + 2=12), parameters=[r=0.a,0=0.1 ¢=0.27]

Using ParametrizeVolume one can also see that the vectorial representation of this region is just the

position vector 7 written in spherical coordinates and basis
> Parametrize Volume( C,, basis =spherical, output = vector)
rr [7,6,0] (123)
Parametrization of curves, surfaces and volumes
Consider the following C representing a curve in space
> C:= {nyZ,ZZO}
C:={y=+%z=0} (124)
The parametric equations for this curve are
> ParametrizeCurve(C)
[x() =1, y(1) =2, z(t) =0], 1 (125)

The right-hand sides of equations above are the components of the position vector 7 in cartesian
coordinates, from where a vectorial form of these equations is

> ParametrizeCurve(C, output = vector)



Fj+ti,t
The curve C can also be passed in vector form
> Co=x i+x
C:= xzj +xi
> ParametrizeCurve(C)
[x(1) =t y(t) =2, 2(1) =0]. 1
The equations of circle of radius a on the (x, y) plane can be written as
> (C:= {Z=0,x2 +y2=a2}
C:= {z=0,x2 +y2=a2}

> ParametrizeCurve(C)

In vector notation,

> ParametrizeCurve(C, output = vector)

acos(¢) i +asin(0) j, o

Changing the basis of this vector, for example to cylindrical, we get
> ChangeBasis( (131) [1], cylindrical)
ap
The same result can be obtained by specifying the basis
> ParametrizeCurve(C, output = vector, basis = cylindrical)

ap, o

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

ParametrizeSurface and ParametrizeVolume work in the same way as ParametrizeCurve, only with two

and three parameters respectively.
2,2, 2 2
> C,=x"+y +z=a
C2 = i —|-)/2—|—22=a2

> ParametrizeSurﬂzce(C )

[x(6,0) =asin(0) cos(d),y(0,0) =asin(0) sin(d),z(6,d) =acos(0) ], [0, 0]

N

> C, = —I—y + 7=
C3 ==x2+y2+zz=r2

> Parametrize Volume( C 3)

(134)

(135)

(136)

127\



[x(7,6,0) =rsin(0) cos(d),y(r,6,0) =rsin(0) sin(0),z(r,0,0) =rcos(8) |, [~,6,0] (137)
> ParametrizeVolume( C,, basis = spherical, output = vector)
rr, [7,6,0] (138)

> Parametrize Volume( C,, basis = cylindrical, output = vector)

kz+pp, [p o, z] (139)

Functional Differentiation in General Relativity

Functional differentiation is a key operation in theoretical physics, used thoroughly to compute field
equations using an action principle, from classical mechanics, to general relativity and quantum field
theory. Maple 2022 brings a significant optimization of the related Fundiff command, as well as major
improvements in its capabilities to handle the traditional General Relativity tensors, including the
determinant of the spacetime metric.

> restart; with(Physics) :
For illustration, set any non-flat metric, e.g. Tolman's

> g [tol]

Systems of spacetime coordinates are: {X= (1,0, 0,¢) }
Default differentiation variables for d , D_and dAlembertian are: {X= (7,0, ¢, t) }

Setting lowercaselatin_is letters to represent space indices

The Tolman metric in coordinates [r, 0, 0, t]
Parameters: [R(t,r), E(r) ]
Signature: (- -- +)

0 2
_ (E)r R(1, r)) 0 0 o
1+ 2E(r)
8oy 0 “R(1, ) 0 0 (140)
0 0 -R(1,r) sin(0)° 0
0 0 0 1

For readability, avoid redundant display of functionality and set an additional system of coordinates to
perform functional differentiation

> CompactDisplay( (140) )
E(r) will now be displayed as E
(141)



R(t, r) will now be displayed as R (141)
> Coordinates(Y)

Systems of spacetime coordinates are: {X=(r,0,0,t), Y= (v, y2,y3,y4) }
(X, 1) (142)

The functional derivative of the metric with regards to itself

> g.8,=g [wv] g [~alpha~beta]

g:8,=8, ,8"" (143)
> (%Fundiff = Fundiff’) (gx,gy(Y))
(Y) g, (Y
S e 8 ([t 0=y, 0 — 3 o= ya]) | - R | (144)
sg P I 2

g, (Mg,
2
from where the functional derivative of its integral is the symmetric expression

> (%Fundiff=Fundiff) (Intc(g, X)., g,)

o) )5

ooB )\ U L

og

In Maple, to represent the determinant of the metric without actually computing it you can use the inert
form of it

> g, = %g_[determinant]
8 =121 (146)
The derivative of the determinant with respect to the metric itself

> (%diff=diff') (24, 8,5

4]

g P l21=-g, g2l (147)
from where
> (%Fundiff=Fundiff ) (&, 8,(Y) );
[ng—éﬁ(y)]l gl=-g, s el 87 ([r—y1,0 — 2,0 — y3,1— y4]) (148)

> (%oFundiff = Fundiff) (Intc(g,,, X ). &)



( E’w sz [[Oo ([m (A[:Igldr) de) d¢) dr=-g, ole (149)

8g © - 00

When formulating General Relativity using an action principle, the expression that enters the integrand
in the action is the square root of the determinant

= sqrt( - %0g_|[ determinant])

gsidet TN _l g | ( 150)

Its derivative, functional derivative, and the functional derivative of its integral are now all computable

> (%diff =diff') (&, 4er &)

> :
gs_det

-Iglgmﬁ

(V=Tel) =-———" (151)

> (%Fundiff = Fundiff) (gsidef’ gy(Y) );

121(Y) g, 4(1) 8 ([r—yl8 —y2, 0 — y3,1— y4])

S A
v gl )=- 152
[6gikﬁ(y) (V=TeT) ) (152
> (%Fundiff = Fundiff’) ([ntc(gs def X)’ gy)
8 ~ 00 ~ 00 -~ 00 ~ gOLB' g
J-Tel dr|de|de|d=—"— 153
[ SgO(’B ]“—oo («‘_oo (J—OO (J—OO | | (rj ) q)) 2\/ _|g| ( )

Likewise, for the derivative of the metric we now have

> dg :=d [rho](g [mu,nu])

48 = 0(8u) (154)
> (%Fundiff = Fundiff’) (dg, gy(Y) )
% o (s 2, () g5 ,(Y)
[ggmﬁ(y) ]ap(gu,v)‘ap(s ([r—y1.0=y2.0—y3.t—y4])) | - 5 (155)

) gmv(Y)g&u(Y)J
2

from where the functional derivative of the integral of the product of dg with the square root of the
determinant becomes

> (%Fundiff = Fundiff’) (Intc(dg'gsidef X)’ gy( Y) )

(156)



[eoviy ) 77T )

g, Vg, (Y) g (Y)g, (Y)
a(|g|(Y>,[Y]>[— iR e R ]

2y -egl(Y)

The handling of this abstract representation | g | of the determinant of the metric is also consistent with
the expansion of the determinant both with regards to its components or its tensorial representation. Due
to the amount of indices involved, it is simpler to input the expressions using lowercase latin indices, and
to verify formulas set the most arbitrary possible metric

> Setup(redo, spacetimeindices = lowercaselatin, metric = arbitrary, coordinates = [ :-X,:-Y |, quiet) :

The metric now has the most general form in terms of ten arbitrary functions

> g []
_FI(X) _F2(X) _F3(X) _F4(X)
| F2X) FS(X) _F6(X)  _F7(X) (157)
Sab” | F3(X) F6(X) FS(X) _F9(X)
_F4(X) _F7(X) _F9(X) _FI0O(X)

The tensorial form of the determinant is

> detg := LeviCivita[ ~p, ~r, ~s,~t]-g [i,p]'g [k r]-g [l s]-g [m, t]-LeviCivita[ ~i, ~k, ~I, ~m]

/24
Ep,h,s,l‘g. g g g Ei,k’],m
o LpCkrelsomt

det, : 4 (158)
This expression is now understood by the simplifier
> Simpliﬁ/(detg)

l 2] (159)

The expanded form of the determinant is given by the active form of | g | = %g [ determinant], which

is entered without the "% prefix

> g [determinant]
(- F8(X) FIOX)+ F9(X)?) F2(X)*+ ((2_F6(X) FIO(X) (160)
—2 F7(X) F9(X)) F3(X)—2 F4(X) ( F6(X) F9(X)— F7(X) F8(X)))



2 2

F2(X)+ (_F7(X)"— FIO(X) F5(X)) _F3(X ) —2 F4(X) (_F6(X) F7(X)
— F9(X) F5(X)) F3(X)+ ( F6(X)*— F8(X (X)) F4(X)*

— (_FI0(X) _F6(X)*—2 F9(X) F6(X) _F7(X)—|—_F8(X) F7(X)?
— F5(X) (_F8(X) FIO(X) — F9(X)?)) FI(X)

Summing over the repeated indices of the tensorial form ( 158) and comparing with the expanded form
we see they are equal

> normal ( SumOverRepeatedIndices(detg) - g_[determinant])
0 (161)
Depending on the case, more subtle expressions can also be mapped into | g |. For example,

> LeviCivita| ~i, ~k, ~l,~m]-g [r,~b]-g [, s]-g [m,t]-g [k, ~a]-d [h](g_[i, p])- LeviCivita|
~p, ~t, ~8, ~1]

ciklng e g 8%0,(g )erns (162)

> Simplify( (162))
(20,(8:,) ¢ P —20,(g,)8" ")zl (163)
> LeviCivita[ ~i, ~k, ~I, ~m]- ((g_[t,~b]*g [l s]-g [m,~a] + g [s,~b]-g [m,t]-g [I,~a])
[/

(
g_[kr]+ g [rn~b]g_[ls]'g_[mt]g [k ~a])-d_[h](g_[ip]) LeviCivita[ ~p, ~r, ~s,
Nt]

chhklm ((8, g[ 58 + 5Sbgm’ tsla) gk’r n 5rbg,,sgm, taka> ah(gi,p) eb st (164)

a, b

> Simplify( (164) )
(60,(g,)e" g —69,(g,)e" ")l (165)

Likewise the simplifier can now map derivatives of the tensorial form of the determinant into the more
compact abstract form

> (%d_[h]=d_[h])(det,)

d

(Eprvtgngk,rglsgmtEi’k’l,m ) |
h

o :§<Ep,l‘,s,t cbklm (ah(gi,p) gk, rgl,sgm,t (166)

+ gi,p ah(gk, r) gl, sgm, t + gi,pglg rah(gl, S) gm, t + gi,pgk, rgl,s ah(gm, t) ) )

> Simplify( (166) )

kr Ls mt
g

€ g g € :
. L7y S, 1 ik L Lk
| et 2k = | a6, 91515 (167)

With the new functional differentiation and simplification capabilities in place, it is now possible to



compute more complicated abstract tensorial expressions, for example:

> d

et g = rhs( (167) )

dde@g = ah(gl} flels H (168)

> (%Fundiff = Fundiff’) (ddetg g, »(¥) )
o ik _ ,
[W}(ah(‘gnkﬂglg ) =840 £

4
“y2+x2, -y3 + 33, -4 +64]) = 8, (g, (X)) | 2 (X) 8 ([~y] +x1, ~y2 +x2, -3

4
8()

(X)g“" (V) 1g1(¥) 8" ([-y] +xI, (169)

+x3, -pd+x4]) g 4T (V) g PE )+ 2 1(X) g “F ) 9 (87 ([l + x1, -y2 + x2,

h

b

~y3 +x3, -y4 +x41)) 8°(¥) 8. (Y)

It is using these new capabilities that the results ( 153) and ( 156) are computed.

In addition to handling (functional) derivatives of different representations of the determinant of the
metric, in Maple 2022 Fundiff can compute the functional derivatives of the traditional tensors of
General Relativity with respect to the metric. The key observation is that all of them can be expressed in
terms of the metric itself and its derivatives. For example, for the Christoffel symbols we have

> (%Fundiff = Fundiff') (Christoffel[i,j, k], g [~a,~b](Y))

d 1 (4)
[W)riﬂ:—g[ai(a ([-y1 +x1, -y2 +x2, -3 + x3, -y4 + x4])) [ (170)

g,/ (1) g (V) g, ,(N)g, (Y)
S A )J+%[aj(s(‘”([—ylﬂl,-y2+x2fy3

(Y Y Y (Y
+x3, -4+ x4])) [—g"”( )ng”‘( ) _ i )fb”( ! )j + 4 [ak(6(4)([‘y1

2

g, (g, (V) g (Vg (¥) ) )
2 B 2

+xl, -y2 4 x2, -3 + x3, -yd + x4])) (

This result is computed by first relating T", ik to the metric and its derivatives

> Christoffel[1i, ], k] :
% = convert(%, g )

o 08,) _ %(&n)  %(84)
i k 2 2 2

(171)

and then differentiation the right-hand side, to obtain the result shown in ( 170)



> (%Fundiff = Fundiff) (rhs( (171) ), g [~a,~b](Y))
8 (ak(gl}j) N (&) %(&) 1
0g ™ (Y)

_ 1 4, i
ab 2 2 2 a 2[31-(5 ([-yI+xI,-y2+x2, (172)

g, (V) g, 1Y) ga,k(Y)gb,j(Y)jj 1[
2 2

-y3 + x3, —y4—|—x4])> [— : —

g, (Vg [Y) g, (Y)g, (Y)
-yl + X1, =y2 + x2, -y3 +x3, -y4 + x4])) | - 2 e
g,V g, (V)
+%(ak<5(4)([‘y1+x1, 32+ 233+ 53 yd + xd])) [ R
B g, ;(¥) g, (Y)
2

In the same way, for instance, because Fundiff can now compute derivatives of I, I through this

relationship it can also compute derivatives of the Ricci tensor or any other one (Linstein, Riemann,
Wevl)

> Ricci[i, j]:
% = convert( %, Christoffel)

R,=0,(r° )=a(r, )+r" 1 ,—-1" T (173)

CompactDisplay and Typesetting:-Suppress
unified

There are two Maple commands to avoid redundant display of functionality: Typesetting:-Suppress and
Physics:-CompactDisplay which is a synonym of PDEtools:-declare. There are differences in how these
commands work:

* When you PDEtools:-declare g (¢), the functionality is suppressed only from the output, not from the
input. So entering ¢, does not result in g(¢).

* When you Typesetting:-Suppress ¢ (), the functionality is suppressed from both the output and the
input. So entering ¢, result in g (¢) . In this sense, Typesetting:-Suppress works similar to the alias
command.

Also,

* When you declare ¢ (¢), the functionality is suppressed also for indexed q, so q[ j](¢) is displayed as
q|[Jj]. This is particularly useful when working with indexed variables, as for example tensors are.

* When you Typesetting:-Suppress g (¢), the functionality is not suppressed for indexed q, so q[ j](t) is
not displayed as ¢[ j]. This makes Typesetting:-Suppress not ideal when working with indexed



variables.

Finally,

* When you PDEtools:-declare g(¢), in previous versions of Maple derivatives or g(¢) are displayed
indexed, as g, even when the rule to display them with a dot is set (typesetdot rule, automatically set

when you load Physics).

* When you Typesetting:-Suppress ¢ (), derivatives or ¢(¢) are displayed with a dot when that rule is
set.

To combine the advantages of these two commands, new in Maple 2022, when you PDEtools:-declare a
function, it also automatically gets suppressed (i.e, a call is made to Typesetting:-Suppress in the
background). So PDEtools:-declare'd functions are now also Typesetting:-Suppress'd.

The different designs were combined such that when you PDEtools:-declare a function, things work as
always but now you also get advantage of several things that work very well with Typesetting:-Suppress
as is the case of typesetdot.

This is the new behavior, that actually is the same as the old one but for the fixes mentioned. In what
follows, recall that Physics:-CompactDisplay calls PDEtools:-declare

> restart; with(Physics) :
The following is the same as PDEtools:-declare(q(t))

> CompactDisplay(q(t))
q(t) will now be displayed as q (174)

As usual, entering g results in g, not g (¢)

> q
q (175)

> Iprint( (175) )
q

The following is as usual: the functionality is omitted in the display of the output, but it is there

> q(1)
q (176)

> Iprint( (176))
q(t)



Also as usual: for declare'd functions, the functionality is also suppressed (not displayed) when the
function is indexed, the typical example being any tensor function

> q[Jj](2)
(177)

> Iprint( (177) )
alj1(t)

New: the typesetdot rule that is automatically set when you load Physics, in Maple 2022 also works with
declare'd functions

> diff (q(1), 1)
q (178)

> diff (q[J1(1), 1)

q'j (179)
In addition, the typeset got improved: the dot is placed over g, not over g/t/. This is relevant, for

instance, when there are several indices, e.g.

> diff (q[j, k L, m](1), 1)

4 ki m (180)
New: the typesetdot rule also works with contravariant tensor indices. For example, define g[ j] as a
tensor, and the dot does not interfere with the superscript contravariant indices

> Setup(spaceindices = lowercase, tensors =q| j])

[Spaceindices = lowercaselatin, tensors = {Yu’ Gu’ (?u, gu, vl 4 eog B VH (181)
> diff (¢[~/1(1), 1)
q’ (182)
Copy and paste works flawlessly in all these example. E.g. copy the above and paste it:
> diff (4,(1). 1)
q’ (183)

> Iprint( (183))
diff(a[~j](t).t)



Documentation advanced examples

One of the most important parts of the Physics project is its documentation; the illustration of the use of
the package in different scenarios. The three relevant help pages for that are

* The Physics.Examples
* The Physics. Tensors
* The Physics.Updates

For Maple 2021, the first of these pages got extended with four sections: "Vectors in Spherical

Coordinates using Tensor Notation", "The equations of motion in curvilinear coordinates, tensor
notation and Coriolis force", "The EnergyMomentum tensor for the Proca Lagrangian" and "The Gross-

Pitaevskii field equations for a quantum system of identical particles”, covering new material in Vector
Analysis, Mechanics and Classical Field Theory.

For Maple 2022, the first of these pages got extended with three new sections: "Parametrization of
Curves, Surfaces and Volumes", "Integral Vector Calculus " and "The StandardModel in Particle

Physics".



